Chung Yuan Journal
Vol. 27. No. 1, 1999. pp. 77-82

Evaluation for Computer-Simulated Problem Solving

Jia-SHenG Hen*

Department of Information and Computer Engineering
Chung Yuan Christian University
Chung-Li, 32023, Taiwan, R.O.C.

Cueng-Ju Hsu

Department of Information Management
Chung Yu Junior College of Business Administration
Keelung, Taiwan, R.O.C.

(Received: November 11, 1998; Accepted: March 30, 1999)

ABSTRACT

Problem solving is a procedure to transform the given state or source problem to the goal state or
destination problem. Such serial transformation from source to destination is a PS (Problem Solving)
path and a collection of PS paths can be illustrated in a computer by a directed graph, called problem
solving network.

To evaluate the performance of PS paths, this paper proposes an evaluation vector of CPSN (Coordinate
Problem Solving Network), which gives each problem a unique (x,y) coordinate, and describes the evalu-
ation principles. In CPSN representation, x-coordinate indicates the target offset of the problem; whereas,
y-coordinate represents its deviation from the shortest path. For a given PS path, an evaluation vector can
be found to indicate the performance of each solving step. Each element of evaluation vector corresponds
to the judgment index of the applied operator of each solving step. This judgment index can be inter-
preted by the given evaluation principles. Two practical examples of Hanoi tower and one-variable linear
equation show that the evaluation vector can discover many evaluation results for the problem solving.

Key words: problem solving, problem solving path, CPSN, coordinate problem solving network

evaluation .

I. INTRODUCTION

Problem solving is a representation of thinking.
(Johnson, 1972) A problem is a certain state with certain
conditions, objects and pieces of information. [1] The pro-
cess of problem solving is to find a way around obstacles
to attain an aim that was not immediately attainable. (Polya,
1965) The goal of the process is the desired or terminal
state of these problems.

Hence, problem solving is to transform the problem
from the given to the goal state. This is called the
computer-simulation approach of problem solving, which
assumes that a problem solver solves problems by apply-
ing operators to problem states. In such approach, a
problem state is defined as a description of the elements in
the problem; whereas, an operator is any legal move that
changes the problem from one state to another. (Simon,
1978, 1979) Moreover, most researchers [5] define a
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problem solving path (PS path) as an sequence of actions/
operators leading from one state to another, and those PS
paths able to attain the goal state are called successful PS
paths here.

The goal of General Problem Solver (GPS) is to find a
successful PS path. The approaches to GPS include
random trial-and-error, hill climbing and means-ends
analysis. [5][3] However, when problem solving is
applied in computer-assisted learning, different learners
use different PS paths. Although it is obvious that the best
(fastest) solving path from initial problem to the goal is
the so-called shortest path, a more elaborate criterion to
evaluate these PS paths is quite needed. This is called
evaluation problem of PS paths. As the evaluation crite-
rion of PS paths can be found, it is possible to build teacher
monitoring system and virtual learning companlons in
networked learning. [6] ST

When each problem is as31gned a unlque (x,y) o
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coordinate, the problem solving graph becomes a CPSN
(Coordinate Problem Solving Network). [7] Continuing
the former work, this paper proposes an evaluation vector
on CPSN for a given PS path to evaluate its performance.
Section 2 will formulate the problem solving graph and
then problem solving path. The definition of CPSN is de-
scribed in Section 3. After discussing some properties of
CPSN, Section 4 will propose the definition of evaluation
vector and its evaluation principles. Section 5 gives two
real examples which processes the PS paths for solving
Hanoi tower problem and one-variable linear equation.
Section 6 is a conclusion.

II. FORMULATION OF PROBLEM
SOLVING

In computer-simulation problem solving, a problem
state p; represents the description of the elements in the
problem and the set of all problem states constitutes a prob-
lem space (Newell, 1969; Simon, 1978) or called state set
space Z=(p;}. [5] Therefore, the above given or starting
conditions are denoted as initial state or source problem
p;s and the final or goal situation is called goal state or
destination problem p,;. The changes of the problem from
initial state to goal state are through applying possible se-
quences of operators or called actions [[=2xZ. [5] These
transformations of problems can be illustrated by a directed
graph, called problem solving graph (PSG),

PSG(P,T), (1)

—

where the problem set P={p,}CZ= and the operator set T=
{t}cE.

An operator in (1) transforms one problem state into
another one, that is,

Dir1=t{p)) 2
or

t{PoPis1) = PiPiy 1 )
which represents an edge in PSG. Assumed that PSG is
loop free, such directed edges (2) make a partial ordering,

then the predecessor and successor of a problem can be
defined:

pEpred(piyy) and pi,=succ(p)). 4

As mentioned, a PS path is defined as a sequence of
operators leading from one state to another, that is,

PPi=PPi 1Y I P P = (pepi s s
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1P 1:P))- )
Then a PSG formed by a collection of PS paths can be

illustrated by a more sophisticated graph, called problem
solving network (PSN),

PSN(P.T.popd) = { i = Wl )}, ®)

as Figure 1 shown.

Fig. 1. Problem solving network formed by a collection of PS
paths.

To evaluate the performance of problem solving, sev-
eral cost functions have been defined. For example, path
cost assigns a cost to a path and is often defined as the
number of edges in the path (5) [5] .

path_cost(p;p;) = number {t,: t, € p;p;}. @)

On the other hand, search cost is associated with the
time and memory required to find a solution and is always
dependent on the circumstance. The combination of the
above two costs is called total cost. [5] Through the cost
of PS paths, the objective of the evaluation problem of PS
paths is to find a criterion for one PS path, such that we
can judge the performance of the solving path. The first
step of our solution is to make PSG/PSN be a coordinate
graph. [7]

III. COORDINATE PROBLEM SOLVING
NETWORK (CPSN)

During our discussion, several assumptions have to
be made to encircle our problem and to simplify the
solution:

1. Content independent: we only investigate the general
properties of a PSN and its problem states and operators,
thus all the information able to be used during evalua-
tion are only provided from the network model PSN(P,
L.ps.py)-

2. Uniform cost: under the above assumption, it is not able
to distinguish the costs of operators, then theircosts are_
assumed all equal and the path cost (7) is accepted

3. Single source (p,) and single destmatlon (pd) thls
assumption are only made for convenience andcanbe
easily relaxed to multiple sources and multlple;r 18
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destinations.

4. All PS paths are successful: this means our evaluation
criterion are set for those PS paths with all problems
reachable from p; and solvable to p,.

Given a collection of PS paths p_p,"s, it is easy to ob-
tain a relative shortest path, which is the fastest path from
source to destination, and then should be placed in the center
of PS network. Extended from such idea, the rarget offset
of a problem is defined as its shortest path to the goal p:

offsex(p) = min { path_cos{ppy’) : ppy € PSN}. (8)

Moreover, the arborescence (directed tree) from py, ARB
(P,T,py), can be found from the minimal spanning tree
algorithm. [2]

Moreover, the farthest problems to the destination p,
are those terminal problems of ARB(P,T,p,), symbolized
as:

Pterm(ARB(P.T,p)={p;:pred(p;)
=@(null node) in ARB(P,T,p,)}. )

These terminal problems can be sorted in ascending
offset(*)'s to indicate increasing target offsets of problem
solving:

order(p;, ARB(P,T,p,))

p; € Pterm(ARB(P,T,p,)):
= | offsefp;, ARB(P,T,p,) < offsef(p;, ARB(P,T,p,)),
Vj>i and p; € Pterm(ARB(P,T,p,))

(10)

With these definitions, we can begin to find the coor-
dinates of problems in CPSN.
Definition 1 CPSN (Coordinate Problem Solving
Network)
CPSN(P,T,p,,ps.x.y) is one kind of PSN(P,T,p;,p,), where
the coordinate functions of problems x:J[-R and y:[T-R
are defined as:

x(pi)=-offset(p;) (1)

order(p;, - ) — order(p,, - ),
when p; = terminal node

YPD=\ min {order(pred(p), ARB(P.T.p)},
when p; = nonterminalnode.

(12)

From the above definition, we can have the following al-
gorithm for constructing CPSN from a series of PS paths.
And Figure 2 gives an example mapping a PSN to its CPSN.

Fig. 2. An example from PSN to CPSN.

Algorithm 1 (CPSN Construction from Problem Solv-

ing Paths)

0. Given the source problem p, and the destination prob-
lem p,.

1. Obtain a series of problem solving path from source p;

to destination py, { PPy = (et} }
2. Form the corresponding problem solving network PSN
(P’T,pS’pd)'

- 3. Find the target offsets (8) for each problem.

4. Find the incoming arborescence with the root p,, ARB
(P,T.p,) by Dijsktra algorithm. [2]

5. Get the terminal problemPterms in (ARB(P,T,p,) from
).

6. Sort to get the order of Prerm (ARB(P,T,p,)) (10) by the
target offsets in step 3.

7. Find the (x,y)-coordinates of terminal problems and then
determine the coordinates of non-terminal problems from
(11) and (12).

IV.EVALUATION OF PROBLEM
SOLVING PATHS

Obviously, the source problem is located on x-axis and
the destination problems on y-axis: [7]

(x(p.¥(py) = (- length(p,p,).0) 13)

and
x(pa)=0. (14)

Hence, the solving flow of the resultant CPSN will
keep from left to right. Moreover, when the range of a
function is defined as:

| f| = max {f(2)} - max {f(2)}, (15)

the ranges of (x,y)-coordinates in a CPSN can be found as
follows.

Lemma 1 In CPST(P,Tp;.,p4X.Y), we have (A) lxI- max

{offset(p;)} and (2). |y|=#(Peterm(ARB(P,T, pd)).; L
Proof. Obvious for |x|= =max {x(p; )}—mim {x(p)}=C
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(p;) }=max {offset(p;)} and [yl=max {y(p)}-min{y(p)}=#
(Pterm(ARB(P.,T,p,))). a
Besides, the following theorem ensures there is no two
nodes occupying the same (x,y) location.
Theorem 1 In a CPSN, no two different problems, no
matter whether terminal or nonterminal, occupy the same
coordinate.
Proof. That is to say, if p2p;, (x(p)), y(e)#(x(p;, y(pp).
The proof can be divided into three cases: (1). When both
piand p; are terminal problems, by ordering, their y-coor-
dinates must be different if p#p;. (2). When p; is terminal
problem and p; is non-terminal problem, y(p)=min(y{pred
P))=¥(p ;), where p ; is one of p;'s predecessors and also
a terminal problem. However, the fact that p#p; makes
y(p ;)=y(pj)=y(p,-) a contradiction. (3). The case that p; and
p; are both non-terminal is similar to the condition (2). Let
p; (or p;, respectively) is one of p;s (or p/'s) predecessors
and also a terminal problem with y(p;)=y(p;") and y(p;)
=y(p;). Hence, the fact that p;#p; makes y(p;)=y(p;)=y
(p)=y(p;) a contradiction. a

By the properties of arborescence, all problems in a
CPSN are located at their shortest paths (minimal span-
ning tree, nearest locations) to the destination problem.
Then we can have the following properties
Corollary 1 (1). There is no path from problems at level k
to problems at level (k&+2). (2). Any path from problems at
level k to problems at level (k+1) is also a shortest path to
the goal. [7]

With the above properties, the evaluation of a given
problem solving path can be made through our CPSN.
Definition 2 (Evaluation Vector)

Letp=pp,=pp,\ - Up,_ D, Where p;=ps and
Pn=P4 be a PS path from the source to destination p;. Then
the evaluation vector of CPSN(P,Tp,.p;.x,y) in is defined
as:

e=Eval(p, CPSN(P.T.p;,p.x.y))=[e=x(p1)-x(p;):
i=1,...,n-1] (16)

With evaluation vector, we can have the following
evaluation principles of a problem solving path (p).
Evaluation Principles
1.e22:t;=p;p; | of isbetter than those (problem solving)
operators in CPSN (P, T.p,.pa.x,y)

2.e=1:t;=pp;,, of isalso located on another shortest
path as CPSN (P,T.ps,pg.x.y)

3.€<0:t;=p;p;,, of is worse (farther) than those opera-
tors in CPSN (P,T,p,,pa.X.y)

According to Evaluation Principle 3, we can define
the deviation of a problem solving path and its deviant
operators.

Definition 3 (Deviant Operator) Any operator (chord)
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from problems at offset level & to problem at offset level
(k-m+1), where m>1 is called a deviant operator with de-
viation m.

It is notable that a deviant operator with deviation m
corresponds to the evaluation vector with e;=1-m.

V. EVALUATION EXAMPLES

Example 1 (Hanoi Tower)

From the above-mentioned evaluation vector and its
evaluation principles, it is possible to evaluate a problem
solving path through CPSN. The first selected example is
the popular problem solving example Hanoi tower with
three disks. The given source problem is that three disks
are all on the left stick and the goal state is that three of
them are all on the right stick.

Dispatching the problem to different junior high-school
students, we can have some problem solving results, like
the following list:

* PS path A: 1-9-3-4-5-6-10-7-8-11-2.

* PS path B: 1-9-12-13-14-5-6-10-15-16-11-2.

» PS path C: 1-3-4-14-5-6-10-15-17-16-11-2.

* PS path D: 1-9-12-18-13-14-5-6-7-8-2.

The corresponding problem state of each number is shown
in Figure 3. These PS paths can form a PSN. Moreover,
we apply Definition 1 to find its corresponding CPSN, as
Figure 3 shown.

From Definition 2, we can calculate the correspond-

ing evaluation vector for all the steps in each PS path:

e PSpathA:e=[0111101101]

* PSpathB:e=[00111100111]

¢« PSpathC:e=[11011000111]

¢ PSpathD:e={0001111111]

Then, we can interpret these evaluation vectors and make
the following observations for evaluation.

1. These PS paths are only partial solutions; however, the
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CPSN in Figure 3 shows a large problem space of real
problem and the possible evaluation of problem solving
paths.

2. All paths possess evaluation 21, then the largest pos-
sible deviation is m=1 (upward chords); this indicates
that the solver will not make a large mistake (m=>1) but
maybe have a series of detours.

3. Particularly, those transformations with e;=1 are located
on the arborescence; whereas, those with ¢;=0 are chords.

4. The solving patterns of the solvers A, B, C and D can be
found out from the corresponding evaluation vectors:

* PS path A has some (three) non-continuous deviations
(0) since
e={0111101101).

* PS path B has 2 continuous deviations (0 0) since e = [0
0111100111].

* PS path C has a burst deviation.(0 0 0) sincee=[1101
1000111].

* PS path D has an initial deviation (0 0 0), but the follow-
ing procedure is good sincee=[000 111111 1].

5. The similarity of two groups of problems: 1,9,12,18,3,
13,4,14,5 and 6,10,15,17,7,16,8,11,2 with the critical
solving step 5—6 constitute an important strategy of this
problem solving:

(i). moving smaller two disks from left (1) to middle
(5): Problems 1,9,12,18,3,13,4,14,5.
(ii). then moving the largest disk from left (5) to right
(6): Problem 5-6.
(iii). and then moving the smaller two disks from
middle (6) to right (2): Problems 6,10,15,17,7,
16,8,11,2. (similar to step (1))

Example 2 (One-Variable Linear Equation)
A more practical example is one-variable linear equa-
tion of the form:

ax+b=cx+d, 17

where a, b, ¢ and d are all real numbers. Such problem is
taught in junior high school and is also a first step for stu-
dent to solve equations. The given source problem is

3x-2=4x+3 (18)
and the goal state is
x=-5. (19)

As this problem is solved by different junior high-
school students, we can have some problem solving results,
like the following list:

* PS path A: (3x-2=4x+3)—(3x-5=4x)—(-x-5=0)—=(-x=5)
—(-2x=10)>(x=-5)

* PS path B: (3x-2=4x+3)—(-2=x43)—>(-5=x)—=(x=-5)
* PS path C: (3x-2=4x+3)—(-2=x+3)—>(-x-2=3)—(-x=5)
—(x=-5)
* PS path D: (3x-2=4x+3)—(-x-2=3)—>(-x=5)>(x=-5)
* PS path E: (3x-2=4x+3)—(3x-5=4x)—(-5=x)—>(x=-5)
These PS paths can form a PSN. Moreover, we apply
Definition 1 to find its corresponding CPSN, as Figure 4
shown.
From Definition 2, we can calculate the values devia-
tions m's for all the steps in each PS path:
*» PSpathA:10101
* PSpathB:111
PSpathC:1011
PSpathD: 111
PSpathE: 111
Then, we can make the following observations:
1. The solvers B, D, E have the shortest path solution, al-
though their approaches are quite different.
2. Problems (-x=5) and (-5=x) have the same target offset.
3. Problems (-x-2=3), (-x-5=0) and (-2x=10) are all derived
by deviant paths [ (-2=x+3)—(-x-2=3), (3x-5=4x)—(-
x-5=0), and (-x=5)—(-2x=10)]. But the first problem (-
x-2=3) is pointed by another shortest path (3x-2=4x+3)
—(-x-2=3) with m=1, so it is not a deviant path. The
other two problems can be treated as deviant because
« the problem (-x-5=0) lets both first-order and constant
terms be located on the same side of equality.
* the problem (-2x=10) makes a redundant multiplication
on both sides.

Deviation

3 N _2 Targel Offset = .1 N N ?

Fig. 4. Resultant CPSN in Example 2.

VI. CONCLUSION

When computer is used to simulate the process of prob-
lem solving, it can be modeled as a procedure of trans-,

forming a source problem to another destination problem. .

A collection of PS paths can be illustrated by a problem‘ -

solving network. As each problem is assxgned a umquc‘ : /
(x,y) coordinate, the problem solving graph becomes a_ e
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CPSN (Coordinate Problem Solving Network).

This paper proposes an evaluation vector on CPSN
for a given PS path to evaluate its performance and
describes the evaluation principles. For a problem, the
uniqueness of (x,y)-coordinate is proven in Section 4. The
evaluation vector is formed from the process of PS paths
in CPSN. Each element of this vector indicates the perfor-
mance of the applied operator of each solving step. From
the practical examples of Hanoi tower and one-variable
linear equation, it can be concluded that evaluation vector
can discover many evaluation results for the problem
solving.
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