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ABSTRACT

A MUSCL type algorithm for solving the acoustic wave equations numerically in a heterogeneous
medium is developed. Our numerical tests show that, as compared to LeVeque's wave propagation algo-
rithm given in [1], the present MUSCL type algorithm is more accurate and is more stable for large time.
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I. INTRODUCTION

In recent years, the investigation on high resolution
methods for solving hyperbolic conservation laws numeri-
cally has been quite successful. See [2] and its references
for the recent development in this field. What should be
done next is to generalize these methods to solve more
general hyperbolic systems. In real applications, a lot of
problems are of the type

q:+A(x)g,=0 (1.1

where g(x, 1) € R", A(x) € R"*". The coefficient matrix
A(x) is allowed to have discontinuities at some locations in
the domain considered. At each discontinuity of A(x), jump
condition

[q]=0 (1.2)

is considered along with (1.1). Here [g] represents the
jump in g across the interface of discontinuity. Typical
examples are the propagation of acoustic waves and elas-
tic waves in heterogeneous media.

From what has been found in the theory of numerical
hyperbolic conservation laws, even for linear hyperbolic
systems, nonlinear methods have to be used in order
to achieve second order accuracy and be monotone pre-
serving. See Godunov Theorem in Chapter 16 of [2]. In
solving (1.1) and (1.2), further complication is caused by
finding the correct way to incorporate the jump condition
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(1.2) into the numerical method. Recently, in [1], LeVeque
showed that we can incorporate the jump condition into
the numerical method through the use of a proper Riemann
solver. The model problem considered in [1] is the pro-
pagation of acoustic waves in heterogeneous media. The
governing equations are

P+ k(x)u, =0,
pX)u;+p,=0 (1.3)

Here the unknowns are the pressure disturbance p and
the velocity u. The coefficient functions p(x) and k(x) are
the density and the bulk modulus of elasticity. In case
p(x) and k(x) are discontinuous, on each interface of
discontinuity, jump conditions

(u] =0, [p]=0 14

are added to the system (1.3). (1.4) requires that the
pressure disturbance p and the velocity field u to be con-
tinuous across interfaces between different media. See [3]
for the derivation of the jump conditions.

In § 2, we rewrite the acoustic waves equations in
conservation form and develop a MUSCL type algorithm
using the Riemann solver purposed by LeVeque in [1].
The resulting algorithm is then tested thoroughly in §. 30
and is compared to the wave propagation algonthm glven

developed by LeVeque in [1]. A detail companson of our_

MUSCL type algorithm and LeVeque’s wave propagatlo o
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algorithm is then given in § 4.
II. MUSCL TYPE ALGORITHM

Note that the one dimensional acoustic wave equations
in (1.3) is of the form (1.1) in which g(x, 1) is the transpose
of (p(x, 1), u(x, 1));

0 k(x)

A= w0

(2.1)

To derive a MUSCL type algorithm for the one
dimensional acoustic wave equations, we first rewrite
them as a conservation law of the form

W+ fly), =0, 2.2)

where w=A""(x)q and Ay) =
For a hyperbolic conservation law of the form

w, +fiw), =0, (2.3)
the corresponding MUSCL scheme is
W_;IH'“ —“(g,+1/7 gi-n) (2.4)

where

S+ 172 w12

8- 12 = flwg(0; Wi A L wiE ).

In the evaluation of numerical flux g}_,, the func-
tion wg is the solution of the Riemann problem of (2.3)
with Riemann data w* /2 .

Wit = wi ﬁ(f(w}'_ 12.2) = fOWi_3p. ),
(2.5)

WiIE =W - h(f(”J w12 ) = fWE L)),
(2.6)

where
2 n ,'1- L
Wisin-=Wjia+ jT
wiiine =W - 71 @7

Here S’/ is used to approximate w, at the point (%,
tn). For example, we can set S to be the vector whose
components consist of applying the minmod function
minmod(., -) on the components of w},,-w/ and
wi—wi_;. For real numbers a and b, the minmod
function minmod(., -) is defined by

minmod(a, b) = 1 (sgn(a) + sgn(b)) minlal, |b|).
See (4] and [5] for the details of MUSCL scheme.

To apply the MUSCL scheme above to the one
dimensional acoustic wave equations in the form (2.2), we
need to introduce the Riemann solver given by LeVeque
in [1]. Let p;, k; be the material parameters for the j” cell
and let A; = A(x;) where A(x) is the coefficient matrix given
in (2.1). Note that A; has eigenvalues and eigenvectors

l} =—c, l? =c,
~c;

1/p;l

_Cj

L/p;

2_
=

v = (2.8)

Consider the Riemann problem of (1.3) with Riemann
data gj_, and g7. The left-going wave moves into the
(j — )" cell with velocity s} = —c;_,. The jump across
this wave must be a scalar multiple of the eigenvector }/j‘_ |
of the matrix A,_,. Let

o!=alyl . 2.9)

The right-going wave moves into the j* cell with
velocity sjz- = ¢;. The jump is a scalar multiple of the
eigenvector ¥/ of matrix A;. Let

wi= oyl (2.10)

On the cell interface x = x;_;;, the jump conditions
(1.4) require that the primitive variables p, u be continu-
ous across the interface. That is to say,

q7_(+ wjl =qi_ \n=9j- w,z 2.11)

By solving the algebraic linear system resulting
from(2.11), we can determine Ot} and 0.

Note that the one dimensional acoustic wave equations,
in conservation form (2.2), have /" = A; ]q;'. First, apply
(2.5)-(2.7) with y/j” in place of w7. Let the resulting

intermediate states be y/ " °,. Next, we transform the

intermediate states y/"_"l,'42+ from the conservative formu-

lation to the primitive formulation. Set

=n n+1/2
i1 =A v,

=AW 2.12)

Now apply LeVeque’s Riemann solver given above
with ¢7_, and g} as the Riemann data to obtam the result-
ing state ¢} _,,, on the interface x = x; -2 1e T

n

‘7j-|+‘0j =4j_1n

— sh 2
=g} - ;.
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Fig. 1. Profiles of p by (2.13) at r = 0.16, 0.656 and 0.96. The solid lines are the graphs of the fine grid solution.

We can now set the numerical flux f(‘/’R(O;W;‘"fulz/,z_s

an—+]}f+)) equal to gj_,,, where yg(*; !//j'1—+l/12/.2—’ W,-"f1}§.2+)
is the solution of the Riemann problem of (2.2) with Ri-
emann data l,l/j"fl}z/?“f Now the MUSCL type algorithm
for (2.2) takes the form

n+1

v, (2.13)

=y - % @iv12=G7-1n)-
III. NUMERICAL RESULTS

To begin with, we consider the case in which the
heterogeneous medium has only one interface separating
two different material. A simple account of an acoustic
wave hitting an interface separating two media with
constant physical parameters p, k is given in Chapter 3 of
[6]. When the impedance Z = pc of each medium is
different, part of the acoustic wave is transmitted across
the interface and part of it is reflected. In case Z is
constant across the interface, the acoustic wave is
completely transmitted across the interface and nothing is
reflected. See [6] for the details. In the following test
problems, we will compare the numerical results gener-
ated by the MUSCL type algorithm (2.13) in § 2 to those
resulting from the wave propagation algorithm given in
[1]by LeVeque. In all the test problems below, the minmod
function is used as the limiter in both algorithms and the
zero extrapolation boundary condition is used at both
endpoints of the computational domain.

Example 1. Suppose that the medium considered
consists of two different material separated by an interface
located at x = 1, in which, k(x) = 1 for all x and

)L if x<l
’””'{4, if x> 10

The initial conditions chosen are

p(x,0) =u(x,0) = eﬁ48<x—0.513.

Apply (2.13) with h = 0.02, k = 0.016 and have the
result compared to the fine grid numerical solution (py, up)
computed by (2.13), using & =0.00125 and & = 0.001.

Figure 1 indicates that (2.13) is capable of providing
fairly good resolution of the transmitted and reflected
waves. Although (2.13) is a nonlinear method for solving
(1.3), the linear behavior of (1.3) is well captured. The
transmitted wave and the reflected wave head toward
different directions without any noticeable interference
with each other. Note that the sound speed c is equal to |
to the left of x =1 and is equal to 0.5 to the right of x = 1.
According to the theory in [6], the transmitted wave should
be only half as wide as the incident wave. Our result in
Figure 1 clearly indicates so. However the same result .
also points out a typical phenomenon in the computation
of propagation of acoustic wave over heterogeneous me-
dia. Even the grid system is fine enough to resolve the
incident wave, it may not be fine enough for the transmit-
ted wave. In this respect, higher order methods may be
valuable in such computations. Replacing (2.13) with
LeVeque’s wave propagation algorithm will give results
very close to the ones given above. See [1] for similar tests.

Next we compare the order of accuracy of LeVeque’s
wave propagation algorithm and (2.13) by repeating the
same computation using mesh sizes h = 0.0412f, 0=1,2,
3, 4 and time steps £ = 0.8h. Atr=10.16, 0.656 and 0.96,
we plot log(]| E"|l;) against log & where E" = p" — p. See
Figure 2 below.

The orders of accuracy of the two methods in 1-norm
at these three instants are given in Table 1. Before the
incident wave hits the interface of discontinuity, the order
of accuracy of LeVeque’s wave propagationalgo,rithmfénd,\

the MUSCL type algorithm developed in‘§ 2 are about the
same. Once the transmitted wave and the reflected wave <

are generated, the MUSCL type algorithm 1ssxgmﬁcant]y g
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Fig. 2. Error analysis in l-norm. o : LeVeque’s wave propagation algorithm; * : MUSCL type algorithm (2.13).

Table 1. Order of accuracy in 1-norm.

method t=0.16 ¢=0.656 =096
LeVeque’s 1.92 1.28 1.45
MUSCL 1.94 1.79 1.75

more accurate than LeVeque’s wave propagation algorithm.
Now we consider the case in which the heterogeneous
medium has a large number of recurrent cells; each cell is
composed of two different material separated by an inter-
face.
Example 2. For € >0 and -1 <x £ 199, let p(x) =
p+(x/€) and k(x) = k«(x/€), where

_ 1, if £<05
p*(g)—{pR, if £505°

_ 1, if £<05
k*(‘f)‘{kR, if £>0.5°

Here pg, ki can be any positive constant. The initial
conditions chosen are

G.D

plx,0) =0,

u(x, 0) = e 17, (3.2)

First we set pgp = kg =4, a=3.454 and €= 0.4. Choose
h =0.01, k = 0.008 and run LeVeque’s wave propagation
algorithm up to ¢ = 160. The time history of the maximal
and minimal values of p at each instant and the profile of p
at t = 160 are plotted in Figure 3.

Similar testings can be found in [7] for pg = kg = 3 and
various ¢. These testings in [7] indicate that the solutions
of the acoustic wave equations possess a dispersive fea-
ture. Furthermore, the amplitudes of the wave fronts are

andp
Pressure
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Fig. 3. Method : LeVeque’s wave propagation algorithm. (a) :
Maximal and minimal values of p. (b) : p at t = 160.

considerably larger than those behind them. However, in
Figure 3, we see that the numerical solution of LeVeque’s
wave propagation algorithm has a completely different
profile. And the range for p at each instant seems to be
increasing. If we maintain pg = kg and keep increasing
their values, or if we use a smaller € > 0, then more severe
instability of LeVeque’s wave propagation algorithm will
occur. Also see [8] for other numerical tests on instability
of LeVeque's wave propagation algorithm.

Now do the same computation again using (2.13). The
resulting plots in Figure 4 resemble those in [7].

Finally we set pg =4, kg = 1/4 with @ and € remain the
same. Note that now the impedance Z = 1 throughout the
whole region. From Figure 5 below, we see that LeVeque’s
wave propagation algorithm remains stable, and there is
no wave packet at all behind the wave front. That is to
say, there is no reflected wave generated by any.of the
interfaces of discontinuity. Replacing LeVeque s wave.,
propagation algorithm with the MUSCL type r"ig( nthm L
will lead to a similar result. . o

From Figure 3 and Figure 5, we suspect that the 1nsta-~ ‘
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Fig. 4. Method : MUSCL type algorithm (2.13). (a) : Maximal and minimal values of p. (b) : p at 7 = 160.
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Fig. 5. Method : LeVeque’s wave propagation algorithm. (a) : Maximal and minimal values of p. (b) : p at r = 160.

bility of LeVeque’s wave propagation algorithm for large
time in problem with varying impedance Z may be due to
the nonlinear resonance of the wave train behind the wave
front and the periodic cell structure of the heterogeneous
medium.

IV. CONCLUSIONS

A MUSCL type algorithm (2.13) for solving the one
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dimensional acoustic wave equations in heterogeneous me-
dia is given in § 2. In contrast to LeVeque’s approach in
[1], the derivation of the present algorithm relies heavily
on rewriting the one dimensional acoustic wave equations
(1.3) in conservation form (2.2). Then the MUSCL scheme
for hyperbolic conservation laws is applied, togéthér"With ;
LeVeque’s Riemann solver for one dimcnsionél acOuStic o

wave equations, which enables the jump'COn‘diﬁdh’s (14)

to be incorporated into the numerical method. As our




Kar-Hur Cuen, Cain-Wer Liao anp Tien-Yu Sun

numerical results in § 3 show, the resulting MUSCL type
algorithm (2.13} is more accurate and has much better large
time stability as compared to LeVeque’s wave pro-
pagation algorithm. This indicates that, when we extend
the theory of numerical conservation laws to more general
hyperbolic systems, it is better to try to rewrite the hy-
perbolic system in conservation form. In the future, we
will extend the work in this paper to develop finite volume
type flux differencing method for numerical computation
of two dimensional acoustic waves and elastic waves in
heterogeneous medium.
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