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ABSTRACT

This article deals with the problem of estimating the optimal location and magnitude of a single
factor quadratic response function. A Bayesian approach is employed so that the information accumu-
lated by a subject matter specialist can be fully utilized. Two families of prior distributions are considered.
One is informative, and the other is noninformative. For a given set of data, the form of the marginals, and
the posterior mean, mode, variance and 95% highest posterior density intervals are reported. A robust-
ness analysis is undertaken. Comparisons are also made between two noninformative priors.
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I. INTRODUCTION

Dealing with a guadratic response model, people are
interested in inference, usually estimation, for the optimum
response, maximum or minimum, and the point in the fac-
tor space where the optimum occurs. Consider the single
regressor quadratic regression model

=8+ 6x+ 8 +¢ (1)

where 8;, &, & are unknown parameters, and the random
error £~ N(0,07). In the linear model (1), interest is gener-
ally in inference on the unknown regression parameters
8, 85, 8yand the error variance ¢°. However, for our pur-
poses the parameters of interest are o and ¥, where 7 is the
coordinate of the carrier x at which the optimum expected
value of the response variable, maximum or minimum,
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takes on its ordinate a. In the context of control setting, ¥
is the planning parameter. Therefore, as in Mandel (1978)
the linear model (1) is transformed to the nonlinear model

y=a+ Bx-p+e 2)
where
&
o= 51 - 173,
B= 4, 3)
__0
Y=- 25,

The parameters ¢, 3, yare referred to as characteds‘t’ic,_
parameters, whereas &), &, &; are referred to as linear model o
parameters. Note that model (2) is reparametenzed nterms .

of parameters that have physical meamng Smce we use“
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the Bayesian paradigm for inference, any non-Bayesian
complications that may arise from a nonlinear regression
model that emphasizes explicitly the parameters of inter-
est and thereby leads naturally to Bayesian estimation.
Classical inference for o and yis based on least squares
estimation of the linear model parameters, and therefore
small sample properties of these inferences are not gener-
ally best. The classical estimator of the optimum point
may be traced to Hotelling (1941), and perhaps earlier,
where the ordinate and the coordinate of the optimum are
estimated by applying the necessary and sufficient condi-
tions to the estimated response function obtained through
the ordinary least squares methodology. The usual
procedure, as in for example Khuri and Cornell (1987), for
finding coordinates of stationary points is to calculate the
derivative of the estimating response surface equation and
to solve equations obtained by equating derivatives to zero.
Thus, if §,, §, and &8, are the ordinary least squares
estimators of 51, & and 63 respectively, then the classical
estimators of & and y are &= 8,— 85/(4 8,) and
7=-6,/(28;), respectively.

In this paper we are interested in Bayesian estimation
of a and yin the model (2). Bayesian estimation is not
uncommeon in nonlinear regression, as discuessed in Seber
and Wild (1989). However, there has been little work on
Bayesian estimation of ¢ and ¥, besides Buonaccorsi and
Gatsonis (1988), who used a prior distribution of Hoadley
(1970) for estimating yin the context of Bayesian infer-
ence for ratios of linear model coefficients, and Fan, Karson
and Wang (1996), who estimated ¢, Band yby transform-
ing a trivariate-t posterior distribution of §,, 8, and §;.

Assume that data, (x;, y;); { = 1,2,...,n are available in
the form of a random sample. Let,

yi= o+ Bx-p’+ &, 4)

where the & are i.i.d. N(0,0°) random variables. We shall
denote the y;'s by y and we shall not distinguish notationally
between realizations and random variables. We shall write
the likelihood as

2} (5)

L(aBy.o%y) = exp

.
(2710-2)"/2
{ zath —a- B, -

) (27:;2)"/2“" {‘ sealFai(n +ax(0) - 2/3az(a,y)]}

(6)

where

=2 (- '@
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g -0) (x;—

We shall also use 7(*) to denote a prior distribution,
m(*) a marginal distribution, and p(¢]*.y) = P(*)a posterior,
where the posterior distribution is conditional on y, and
perhaps other random variables. In addition we shall some-
times write () = as a symbolic designation of a density.

The balance of this paper is organized into three
sections. In Section 2 we discuss our prior distributions
and in Section 3 the Bayesian analysis. In Section 4 we
illustrate the analysis.

II. PRIOR DISTRIBUTIONS

P as(e) = 21 (- )?

Two families of prior distributions are considered, one
is informative, and the other noninformative. In each case
the four-variate prior distribution for o, 8,7,0° is denoted
m(a.B,y,0°). The informative prior is a normal inverse
gamma (NIG), and the noninformative prior is the Jeffreys
prior. Itis also understood that the supports of the priors
are -co< (<o, -co< oo, —so<yoo, 07>0.

A. The Informative Prior

Assume that ¢ and yare independent of each other,
and of ¢°, and are independent of S for a given o
Therefore, the four-variate prior distribution of &, f3, ¥, and
o is Ma,B,%.06%) = MaymYm Blo’)n(c®). The NIG prior
assumes @) = M4, 05), MPB0°) = N(ug,5°63), (P =N
(Upo ) and (o) = IG(a,b), where N denotes a normal
dcnsuy and IG an inverse gamma. As is in usual practice,
it is assumed that subjective information is available on
the eight hyperparameters. As O'%—-—) oo,and/or a and »—0,
the priors on 8 and ¢® become, in fact, vague priors. We
shall write the NIG prior as

2 - 1 e _ 1 (ry — 2
ma.B.y.0%) 2rol) 2 xp{ 20_5[\05 M) }
1 1 2
X ——————exp | — ———{B- Ug)
(Qroloy)'? p{ 2020%([3 Ho }

1 - 1 2
X exp ! — - i)
(2703 p{ 2037 Hr }

b
1
02} (00) (7

b¢ 1
F(a)( 2)a + 1exp {

1. |
oc(o-z)(a+3/2)\,xp —2 l2b+"'—(ﬂ ‘L[ﬂ)

o’ 2 o? 2
+ ?i(a_ﬂa) + 07(}/_/“;/)
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B. The Noninformative Prior

Following the proposal by Eaves(1983), who used a
Jeffreys noninformative prior for a three parameter non-
linear regression model, we shall use the Jeffreys prior as
our noninformative prior. Itis, of course, important to note
various concerns about Jeffreys' priors in multiparameter
problems that were raised by Box and Tiao (1973), Berger
(1985), and Clarke and Wasserman (1993). We shall, wher-
ever appropriate, compare results based on the Jeffreys prior
with those based on the vague noninformative prior, ¢,
B.y.o?) =

Itis s?}alghtforward to derive the Jeffreys prior, since

2022 [y;

and the Fisher information matrix is,

the log likelihood is —%log 27L’—§10g0'2
- a- Bx,- »7’,

with w;= x;-%,

ﬁwz Zﬁﬁw
_? 02 0
:w“ Zﬂﬁw
0
Kof.y0%) =-
2ﬁ2w 2ﬁ2w3 4,B£w o
n
0 0 2(0_2)

2::&) n(f‘, EW) (ﬁ: Wi wil)
U R R

2np?
= O'E) a(Psay,

which is greater than zero. The Jeffreys noninformative
prior is therefore,

1/2

roByo?) = F[f’“()” . )

We will rewrite (9) as

S2n(a(p)'"?| B

(o B.y0°%) = o (10)
Recall that the support of m(a,B,%0°) is -oo<0t<oo, -00
<P<oo, -co< oo, 67>0. Note also that the Jeffreys prior

depends on the design points, x;.
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III. BAYESIAN ANALYSIS

For a given prior distribution we shall denote the joint
posterior distribution as P(t,B,%,0%)<L(,B,7.0%y)xm( e,
y,0°). Treating B and ¢ as nuisance parameters and inte-
grating them out of the joint posterior leads to the follow-
ing kernels, K(a,7) of the bivariate posterior distribution
of aand ¥, P(a, p<K(c,p). In these kernels a,(p), a;(a, D),
and a;(@) are given in (6).

For the informative prior, we have

La-pg?+
(74

@+251y
1 2 1 1
+— e — =
(al(y) %) XP{ 2| g2

(ag(a)+2b+%%)(al(a)+%ﬁ)_(az(a’w+z_g)z

1
(y- 1y
2 Y
o3

|

@+3)

Kep=

an
For the Jeffreys noninformative prior, we obtain
|8l

4B
(al(y)ﬁ "2‘12(0(7)ﬁ+a3(a)) p
(12)

K(ap = a(af)”2

In addition, the kernel for the vague noninformative
prior, M@, f3,7,0°)=1/0", takes the following form,
n-2
a(p 2 : (13)

K(aJ/) = n-1
las(@a (P —aap?] 2

It is of interest to compare the form of the last kernel
to the kernel obtained by Buonaccorsi and Gatsonis (1988).
In our linear model context and notation, if p=6,/8; and if
h(p)is a proper prior for p, and treating 8;,6,,0° as nui-
sance parameters, their posterior kernel for p is

[exp)]"5
[c(p)cy—

K(p) =h(p) (14)

where cy,c,c3 are second-, first-, and zero-order polyno-
mials in p.

Our Bayesian analysis, for given data and a given prior,
consists of 1) plotting the joint posterior kernel of ¢ and ¥,
2) obtaining the marginal posteriors of ¢ and ¥, either by
numerical integration or by Markov Chain Monte Carlo
methods. We have used both techniques. In this paper we
report results based on implementing the Markov Chain
Monte Carlo method by the Metropolis algonthm as 1n'
Lee (1992), and 3) reporting from the marginal postenors, o
the posterior mean, mode and variance, and 95% hlghest'
posterior density (HPD) intervals. Cenam kmds of robust— gy
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ness analyses are also recommended. Comparisons are
also made between the two noninformative priors. The
next section illustrates the Bayesian analysis.

IV. EXAMPLE

We illustrate different aspects of the Bayesian analy-
sis with an example. Consider the experimental data
reported in Box and Draper (1987), where the response is
the percentage yield of a certain dyestuff and the regressor
is the reaction temperature. These data were also studied
by Fan et. al. (1993). They are given in Tablel, and the
scatter plot is presented in Figure 1.

Figure 2 shows plots of the bivariate posterior kernels
of arand y for three priors: the noninformative vague and
Jeffreys priors, and the NIG prior with hyperparameters
He=180, 0% =8, ug=-1.2, O’% = 1.2, u,=60, O'% =6,a=2,
and b= 1. The parameters are assumed arbitrarily. Note
the shape of the kernels is of relatively bivariate normal

The Gibbs sampler was used to obtain the marginal
posterior distributions of o and y. By using the Metropo-
lis algorithm, each marginal distribution is empirically
approximated by 30 iterations repeated 1000 times. Table
2 gives posterior means, modes, variances and 95% HPD
intervals for the three priors, for @ and 7. Note the classi-
cal estimates of o and yare 80.53 and 61.3, respectively.

Table 1. Data on percentage dyestuff yield, y and reaction
temperature X.
{(From Box and Draper (1987), p.46)

Y X
45.0 56
79.8 60
78.9 61
77.1 63
62.5 65

80 oo o

60 ®

20
0 : .

55 60 65

% Yield
ELN
<
L

Temperature in °C

Fig. 1. Scatter plot of y vs. x (Box and Draper data).
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Fig. 2. Plots of bivariate posterior kernels of & and 7, Priors: a)
Vague, b) Jeffreys, c) NIF (Box and Draper Data)

Robustness in a Bayesian analysis generally deals with
sensitivity of the posterior analysis to possible
misspecification of the prior distribution, e‘ithé‘rf thr‘okﬁagh,
misspecification of hyperparameters within a family of Tk
priors or through, in some sense, misspecification of the
prior family itself. We shall give some results for both
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Table 2. Summaries of the Marginal Posteriors of ¢ and .

Prior  Mode Mean Variance 95% HPD Interval
Vague 80.75 80.30 43.79 [75.10, 83.57]
a Jeffreys 80.50  80.53 0.54 [80.49, 80.58]
NIG 8046 80.45 0.44 {80.41, 80.49]
Vague 61.15 6140 15.28 [60.68, 62.07]
vy Jeffreys 6125 61.23 0.0059 [61.23,61.24]
NIG 6123 61.23 0.0054 [61.23, 61.24]

kinds of robustness analyses.

Figures 3 and 4 contain graphs that enable a robust-
ness analysis of the posterior means, denoted by & and 7,
i.e., Bayes estimates of ¢ and ¥, of the NIG prior. They
reveal that in this prior case, the posterior mean of « is
robust with respect to i, and O'f, and that the posterior mean
of yis robust with respect to i, and 6. The graphs show
how the posterior means vary with changes in the
hyperparameters, L, i, 05 and 03. The hyperparameters
s, 0'/23, a and b are kept fixed. While considering Figure 3
and 4, recall the original values of the hyperparameters,
Ugand p, are 80 and 60, respectively and the flatter the
graph the more robust the Bayes estimate to the correspond-
ing hyperparameter. Figure 3 studies robustness of & and
7 to Uy and o2, and Figure 4 studies robustness of & and
7 to iyand O'%,. For example, in Figure 3a, tig=-1.2, O'/zi =
0.12,a=2,b =1, and u,= 60, O'§=6,, and g,= 30 in
Figure 3b. The upper plots show robustness of & and the
lower plots, robustness of . It is interesting to observe
from the upper plot of Figure 3a that for i, chosen near the
classical estimate of ¥, & is robust to changes in t, when
it is far away from the classical estimates of & and 62 is
small. In this case the prior and sample information are
consistent. As soon as changes in u, shift away from 80
and exceed about 10%, robustness decreases relatively
rapidly, and it is especially true for a smaller o2, where
the prior belief is stronger. On the other hand, from the
upper plot of Figure 3b where u, = 30 is much smaller
than the classical estimate of ¥, & is not robust to drift in
U from its prior value near the classical estimate of ¢
Similar arguments apply for robustness of ¥ from the lower
plots of Figure 4, where U, = 80 near the classical estimate
o in Figure 4a, and y,= 40, in Figure 4b.

We conclude that for the NIG prior, as long as the
prior information is close to the sample information, in
terms of the prior means of ¢ and ¥, the Bayes estimates of
and yare robust provided the respective prior variance is
small. The more the prior information conflicts with the
sample information, the more the influence of the prior,
with the prior virtually dominating for values of y, and pg
extreme to the classical estimates.

Finally, we make a brief comparison of the

2>

Fig. 3
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(a)Robustness of the Posterior Means of ovand y(NIG .

prior: (1,=60, 03 =6, ug=-1.2, 63=-12,,a=2,b=1),-
(b) Robustness of the Posterior Means.of aand y(NIG
prior: 4;=30, 03 =6, =12, 0p=~12,2a=2,b=1)
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Fig. 4 (a)Robustness of the Posterior Means of « and ¥ (NIG prior: 1,=80, 0% =8, Hg=-12, O'f; =0.12, a=2, b=1), (b)Robustness of
the Posterior Means of a and ¥(NIG prior: y,=40, 6% =8, =12, O'Zq =0.12, a=2, b=1)

noninformative priors to each other based on Table 2.
Without entering a debate on a Jeffreys vs. a vague prior,
we recommend for this problem the Jeffreys
noninformative prior. Note that the posterior variances of
¢ and y and corresponding HPD intervals for the vague
prior are large in comparison to the variance and HPD in-
tervals for the Jeffreys prior. The large variances in the
vague prior case may be attributed to the large second
moments of the posterior marginals of ocand . In fact, we
have observed heavy tailed marginal for both o and ¥.
Furthermore, the kernel of the vague prior, in (13), is such
that the posteriors may have no finite moments. However
no convergence check has been undertaken on this aspect.
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