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ABSTRACT

Based on Nishimoto's fractional calculus {1], the particular solutions to the well-known special sec-
ond order differential equations, such as Gauss, Legendre, Jacobi, Tchebycheff, and Coulomb have been
obtained. As for their generalized form, their particular solutions are discussed via fractional calculus
method by some authors ([2]~[7]). Recently, in 1999, S.T.Tu, et al. [8] have treated the particular solu-
tion to the generalized Nth order equations, such as Associated Legendre, Euler, and Hermite equations.

In 1998, K. Nishimoto [10], obtained a particular solution to the famous second order Weber equa-
tion which appeared in quantum mechanics by using his N” method.

In this paper, the solution to its generalized Weber equation by using fractional calculus method wili

be discussed in detail with some examples given.
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I. Introduction
A. Definition

LetD={D,D}, C={C C}

C be a curve along the cut joining two points z and —o
+ilm(z),

(+3 be a curve along the cut joining two points z and e
+ilm(z),

D be a domain surrounded by C, IQ be a domain sur-
rounded by C.

(Here D contains the points over the curve C.)

Moreover, let f = f(z) be a regular function in D (z €
D),

. Tw+h[  fD .
fo= )= =" | o iwe 7)

., = lm (), meZ",
v—>—-m

where —w< arg({ —z) < mfor C, 0 <arg ({—z) <2rfor
C, -
Y
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{#z,z¢€ C,ve R, T: Gamma function.

Then (f), is the fractional differintegration of arbitrary
order v (derivatives of order v for v > 0, and integrals of
order —v for v < 0), with respect to z, of the function f, if

(N |< oo
B. The set ¢¢

We call the function f = f(z) such that |f,| < e in D as
fractional differintegrable function by arbitrary order v and
denote the set of them with notation ¢ = {fllfy] <=, V€

R}. Then we have [f;] <o > fe & (in D).

In order to discuss our main results, we need the fol-
lowing lemmas.

C. Lemmas
Lemma 1. ([1.Vol.1 P.41 Index law])

If f{z) is an analytic and one-valued function and if
(f)v and (fy), exist, then

ne =fu+v = fOl'f”,fv #0,
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T'u+v+1)

where i, ve R, z€ Cand Tu+DI(w+1)

< oo,

Lemma 2. Let U(z) and V(z) are in ¢¢ respectively, then
(1) ([1.Vol.1 P.46 Generalized Leibniz's Rule])

g T(or+1)
@ V)a"ng'or(a—n crrn Yen Vi

Fla+1)

Ta—n+n| >

where ot € R.

@

—~ime r(a_ﬂ)

e —af-e
p

(e-a), =
Ia-p

I'-p)

(

<w)’

where z#a, f#£0,z€ C, e R.
3) ([1.Vol.1 P.18))

(€)g=a%e* wherea#0,ae R.

II. Main Results

First of all, we consider the equation of the form
2

0,279, +A-Dp=f-e2. 2.1

By using N' method, in 1998, Nishimoto ([10], P. 3)
obtained a particular solution to this equation (2.1)

2

O={(f ey e e : (2.2)
2 -1 —1-4

Now, we discuss the generalized equation to (2.1) as
follows.

Theorem 1. If fe ¢ and f 4-1#0, then the generalized

2
nonhomogeneous equation to (2.1)

N l"(d+l)

3y 2

K=o_1-A
(5= —k+ DI+ 1)

(@t @) =285y

1-2

F(T +1) ,
.(Zn+1)k]_2 1_/1 ¢m—n—2'(zn+l)n+1
I"(T~n)1“(n +2)
22
=f-e2 (2.3)
has a particular solution of the form
2 2
o=l (e -z o) .2.4)
2 -1 1-2
1-m +——2—

whereme Z,ne Z' U {0},z€ C, ¢h= 9= i2),f=fz) is
known, 1 is a given constant.

Proof. Let
P=Wi-2a=Wz)i-2, 2.5)
2 2
hence
On=Wi-z_ . 2.6)
2
Substituting (2.6) into (2.3), we obtain
1-4
n F(T + 1)
kgo 1-4 {Wl—:im—k.(zn)k_z
F(T —k+DIk+1) 2
1-4
F(T +1)
Wik @2
2 F(T -n)l'(n+2)
ﬁ
-Wl__i+m~n—2.(zn+l)n+1:f'e2‘ (27)

2

By using the Generalized Leibniz's Rule, we have

1-4
n T( 5 +1)
Woea= 3
2 T~ ~k+ DI +1)
Wit @ @8)
and
" 1“(‘1 ;'1 +1)
(Wm~1‘zn+l)1 =Z W o

— 2 k=

0 l—l m+T—
2 T(———k+ DI +1)
1"(¥+ 1)
. (Zn+1)k+ _l Wm+ﬂ_
F(T - +2) 2
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Considering (2.8) + (-2)(2.9), we have (by using (2.7))
72
7z

(Wm~z")1_,,1L+(—2)(Wm.1 22", =f-e?. (2.10)
2 2

This implies
22
W, 2"+ (=2W, -z =(-e )i, @2.11)
2

Set

W1 =u=u(), (2.12)
we have

ﬁ
u,+u-(=20)=(f-e?),_,-z7". (2.13)
5

A particular solution to this linear first order ordinary
differential equation is given by

2.14)

2 2 2
u=e* - (f.ez)ﬂ.z—n.e—z
2 -1

Thus (2.4) is obtained from (2.14), (2.12) and (2.5).
We can also verify directly, this (2.4) is a solution of
(2.3).

Indeed, let
¢:u1_m+ﬂ’ (2.15)
2
where
ZZ
2 = _ _.2
u=e* -\(f-e?),,-z7"-e"} , (2.16)
2 -1
we obtain
1-4
n F(T+l)
LHS.of 23)= X —— ein
) I‘(T—k+l)1"(k+1) 2
(@ -2 ui-n @)
2
1-4
F(——2—+1)
-2 1-A M-k
F(—2———n)F(n +2) 2
_(Zn+l)n+1
1-A
n F(~2—+1)
= Ul-xr
k= ——+1-k

01“(% _k+DTk+1) 2

1-A

n+l F(—*+ 1)
@ -2 % 2
k=0

r(wg— —k+ DTk +1)

L (mn+1
ur-n_ @,

2

=y 2" =2 w2
2
;2
2 = Cn o2
=@z e (f-e? -1 27" eTT)
-5 -1
2 2 2
c7" 4 et .(f.eZ)x_l.Z-n,e—z -z
2
2 2 2
—2e* .((f.eZ)x_l.Z—ﬂ,e—Z) ,Zn+1)
ER -1 ==
2 2
=((f-e?)n-1)
2
2
=f-e2?.

-2
2

Next, we state a particular solution to the generalized
nonhomogeneous Weber's equation.
Theorem 2. If fe ¢ and fa-1 #0, then the general-
2
ized nonhomogeneous Weber's equation
1-4
) 2
kz=:0 1-1
F(T —k+1DI'k+1)

I +1)

ﬁ
[p-e?), .

2

@ -2 e?) @

1-4
Iﬂ("j“'*'l) 2
_2 1“}. (q).e2)m—n~2.(zn+l)n+l
F(T—n)l“(n +2)
ﬁ
=f-e? 2.17)
has a particular solution of the form
22, 22 2
p=e 2 - (f-e’)p,-2"-e") ) .
D -l I—m+ﬁ
2
(2.18)

whereme Z,ne Z,,z€ C, o= 9= ¢2), f = f(z) is

known, 4 is a given constant.

Proof. Letting ¢=¢- ¢ 2 in (2.3), then by using Theo- .
rem 1., we obtain that a particular solution to the - A
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generalized Weber equation (2.17) has the form

-2

(P€2=e’(ez(fe)aw‘")) .
- l-m+ ﬂ
2
Thus, the theorem is proved.
Corollary 1. Weber equation
o+ @-(A-7)=f (Lis aconstant) (2.19)
has a particular solution of the form
_z2 22 2
p=e 2 ((f ezare‘z)l) (2.20)

2 “h A+l
2

Proof. Letting m =2 and n = 01in (2.17), then (2.17) be-
comes the Weber equation

P+ o-(A-2)=f
and (2.18) becomes {2.20).

Note: Our result in Corollary 1 coincides with the result
in Theorem 1 by Nishimoto in 1998 ([10}).

Theorem 3. The generalized homogeneous Weber's dif-
ferential equation

1—2,
kz=: -4 [(@-e?),_,
1"(*-- —k+DI'k+1)
@ —2ApeeT), @]
1-4
F(T+1) 2
~2 (p-e?), ., @Y,

r(l—;'} — ) +2)

=0

has solutions of the form

(o)

22 5
0=K-e 2 -(e* )1 f=s
M

whereme Z,ne Z, z€ C, ¢y = ¢ = ¢(z), Ais a given

constant,and K is an arbitrary constant.
II1. Example

Example. The third order nonhomogeneous Weber equa-

_4

tion

O3 2+0, @ +D-¢ - B +2)-@- @*+52+2)

[N}

Z

e?-(@4z3+6z) (@#0) (3.1

has a particular solution of the form

Z2
o=e? -z (3.2)
2/,
Indeed,letm=3,n=1,A=-3and=f-¢
(2.17), then (2.17) becomes (3.1).

- (42 + 62) in

And, from (2.18), we obtain

.

T @ +60e?) e

&Y

F

e - -Z.

Il
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#) R o AR 43 & Weber Equation

#H F & £ A & B & Z
FPRXEHTZ
LEEPRTFTELDRE

B E

BB EABZEESEBHES] TREROHR
—E# 5 FEX (& Gauss * Legendre ° Jacobi °
Tchebycheff & Coulomb ) #4%# ©

EEEIBDRNT  —EEEFBHRLAEERA—
HREFHLRHF -

Rif 0 £1999% 0 A[R] HEFHRARFALRE
1k #4 Associated Legendre * Euler * & Hermite 89 N 5 %7
EXGBE o £ 1998 F 0 BABZHIZ - A[10]° HFAN
Gk MAEESTHELE L4 Weber FREANHE -

AEHLIERRE 19 FBAFIHEGER R
Hfih— B Weber 7R X G HH » B BHIHHA

BESRIR - S EmAE S —ALH Leibniz 28 © —& %A Weber
FAEX o




