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ON DISCRETE INEQUALITIES OF GRUSS TYPE

SHIOW-RU HWANG AND MING-IN HO

Abstract. In the paper, we establish two discrete inequalities of Griiss type via inequalities of
Watson-Greub-Rheiuboldt and Klamkin-Mclenaghan.

1. Introduction

In {6}, Griiss proved the following integral inequality

b b A
b._l.a/a f(z)g(z)dr — ﬁ/ﬂ f(l')dxb_l_a/a g(z)dx

provided that f and g are two integrable functions on [a, b] and satisfy the condition

<7@-9C-7 @

¢ < f(z) <®and vy < g(z) <T for a.e.x € [a,b). (1.2)

The constant % is the best possible in the sense that it cannot be replaced by a smaller

constant.
The discrete version of (1.1) states that (see for example [2]):
If @ = (a1,...a,) and b = (by,...b,) are two sequences of real numbers with

a<a;<A<owandb<b;<B<ooforalie{l,...,n},

then
Ca(@B)] < 215101~ T[4~ a)(B - b
= L) A-aB -y
< i(A—a)(B—b) (1.3)
where n n n
Ca@B) = =3 abi— =Y e =3 b
= S g
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For other new results in the domain, see the papers [1, 3-8, 9-10] and the book [8].
Recently, Dragomir and Khan [5] proved the following two discrete inequalities of

Griiss type:

Theorem A. Let@ = (a,...a,) and b = (b1, ...bs) be two n-tuples of positive real
numbers with

0<a<a; <A< and0<b§b,-§B<ooforalli€{1,...,n}.

Then we have the inequality

_ny_ 1(A-a)B-b 1& 1
Cn(@, )lsz(‘jﬁ-;gar;;bi. (14)

The constant % is the best possible.
Theorem B. Let @ = (a1,...an) and b = (b1,...b,) be defined as in Theorem A.
Then we have the inequality

ICa(@,B)] S(ﬂ—ﬁ)(s/ﬁ—ﬂ)-%;ai%;bi. (1.5)

The constant c = 1 is the best possible.

In this paper, we establish a weighted generalization of Theorem A and Theorem B,
respectively. '

2. Main Results

Theorem 1. Leta = (d;, ..Gn) and b = (b, .. -+bn) be defined as in Theorem A,
n
and let p = (p1,...,pn) be an n-tuples of nonnegative numbers with P, = >pi>0.

i=1
Then we have the inequality

—_n(_1(A-a)(B-b) 1 & 1 &
C.(p,a,b 5—————~—§:-i-—§:-b- 2.1
[CaP.3.B)] < 3 AaBy P, PP 2P0 @1)

where

I 1 & 1 &
Cun(p,a,b) = N Zpiaibi A Zpiai B Zpibi
i=1

i=1 m =1

and the constant i- 13 the best possible.

Proof. By the Cauchy-Schwarz inequality, we have

= 1 & 1 & 1 «
ICa(p,a,b)| = P ;piaibi ~ B ;piar[,: ;pibi
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3p7 Z pipj(a: — a;)(bi — b;)

" i,j=1

P2 Z ptp] i aj)l l(bi - bJ')l

n i):l

< s Y P~ RS piny b — by

" =1 i,j=1

= 5133[21% Zpaa? =2} a2 2P, Y pib? - 23 pibi)
" =1 i=1 i=1 i=1

_ 1 - 2 1 ¢ 214 1 v 2 1 ¢ 214
= [E ;p.ai - (}_3: ;P-at) ] [E ;ptbi - (Fn gpibz) 12, (22)
Using the Waston-Greub-Rheiuboldt inequality [8, p.122]

(M1M2 +mumg)® - 2
i~«iui) , 2.

provided 0 < w; < 00,0 < m; < z; < M <ocand 0 < my < u; £ My < 00
(i=1,...,n), we have

(pad) - Po< Axef (}:p,a,)

i=1

giving
n n
: .a?) - P, — PRY:
(.'gp‘a‘) " (,-Z:lp'al) < (A+a)®—4a4 (A -a)?
= - 4aA "~ 4aA
ia;)?
(Epe
thas is,

ZP: szaz = 4(1A (—' Zp,az . (24)

i=1
Similarly, we have

n

Lyt - LS gz < B0 (LS (2.5)
P &™ 0 P&V = 4B MR, &Y '

i=1

Using (2.2), (2.4) and (2.5), we otain the inequality (2.1). As note in the proof of
Theorem in [5], we obtain that the constant } is the best possible. This completes the
proof.
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Remark 1. Choose p; = % (1,...,n) in Theorem 1. Then the inequality (2.1)
reduces to (1.4).

Theorem 2. Leta = (ai,...,a,), b= (b1,...,by) and 5= (p1,...,pn) be defined as
in Theorem 1. Then we have ‘

|Ca(P,3,8)| < (VA ~ Va)(VB - JB)(,%” Z;p,-ai)%(—;: ;p,-b,-)%. (2.6)

The constant ¢ = 1 is the best possible.

Proof. Using the Klamkin-Mclenaghan inequality (7, p.125]
Z w;z2 - Z wiu? — (Z wiziw;)? < (VM - /m)? Z W Ziu; - Z wiu?, (2.7)
i=1 i=1 =1 =1 i=1

providedOSw,-<oo,z,->0,u,->0and0<m5—‘i<M<oo(i=1,...,n),wehave

Z
u; —

(D _pia}) - Pa = (3 piai)* < (VA- Va) (3 piai) - Pa
=1 i=1 i=]

that is,
LS il - (13 pa)? < (VA - Va3 pia) (2.8)
1=1 1% Pn 1:1 1“1 —_ Pn 1:1 3 /- .

Similarly, we have
1< B 1<
B > pib? - (5 > pibi)? < (VB - \/5)2(7; > piby). (2.9)
n =1 "= o=

Using (2.2), (2,8) and (2.9), we obtain the inequality. As note in proof Theorem 1 in
(5], we obtain that the constant ¢ = 1 is the best possible. This completes the proof.

Remark 2. Choose p; = % (1,...,n) in Theorem 2. Then the inequality (2.6)
reduces to (1.5).
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