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Global Stability for the Leslie-Gower Predator-Prey
System with Time-Delay and Holling’s Type
Functional Response

Han-Cheng Tsai and Chao-Pao Ho*

Abstract

In this paper, we concerned about the dynamical behavior of the Leslie-Gower predator-prey system
with time delay and different functional response p{x). At first. we discuss the global stabitity for the
Lestie-Gower predator-prey system with time delay and p{x) = cx. Secondly. with p(x) = £, Thirdiy,

)
with p(x) = ﬁ Finally, we illustrate our results by some examples.

1 Introduction

Predator-prey models have been studied for a long time. One of the most important problems
in a predator-prey system is the global stability of the unique positive equilibrium point. The global
stability analysis for predator-prey system without time delay has been done by many researchers.
Most of them use the following methods to prove global stability of a predator-prey system without
delay. The first method is to conmstruct a Lyapunov function [3,4,5]. The second method is to
employ the Dulac Criterion to eliminate the existence of periodic orbits and then use the Poincaré-
Bendixson Theorem to analyze the global stability of the unique positive equilibrium [3.4.5,6].
The third method is the limit cycle stability analysis [3.6,7.81. The fourth method is the comparison
method [3.7,8].

But more realistic models should include some of the past states of the population system; that
is, a real system should be modeled with time delays. In {9,10,11], authors were to analyze the
global stability of the system with time delay by constructing a Lyapunov functional.

In this paper, we were concerned about the Leslie-Gower predator-prey system. For this sys-
tem without delay as in [12], authors to analyze the global stability by constructing a Lyapunov
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function. And in [14], authors discussed the global stability of this system with a single delay by

constructing a Lyapunov functional. Now, we are to establish global stability of the Leslie-Gower

predator-prey system with a single delay with the different functional response of the predator

p(x), by constructing a Lyapunov functional. In section 2. we analyze the global stability of

the Leslie-Gower predator-prey system with a sin%le delay with p(x) = cx in the Holling-type 1.
"X

p(x) = &% in the Holling-type 11, and p(x) = 1% in the Holling-type Ill by constructing Lya-

punov functionals. In section 3, we illustrate our results by some examples.

2 The Model with Time Delay

Consider the Leslie-Gower predator-prey system with time delay t modeled by

i) = x(0) {r [l L = ’)] } — Pl (1)
" .0
() = v ls—pi)
w0 = 0 [s-p50]
with the initial conditions
x(0) =¢(0) >0,0€[-1.). ¢ € C'([~1.).R)
(2.2)

x(0)>0, »(0)>0

where 8, f8, r, and T are positive constants, K is defined as the prey environmental carrying capacity.
x and y denote the densities of prey and predator population, respectively. Because all we want
to discuss is biological population, we only consider the first quadrant in the x — v plane. The
following assumption is consistent with the system (2.1).
(A) p € C'([0.00),[0,50)}: p(0) = Q0 and p'(x) >0 foralt x> 0.

The functional response of the predator, p(x), has been discussed in the literature. Now, we just
concern about the following p(x) of this paper, p(x) = cx in the Holling-type I model. p(x) = %
in the Holling-type 1l model, and p(x) = ;% in the Holling-type 11l model: where c is encounter
rate.

Lemma 2.1  Every solution of the svstem (2.1) with the initial conditions (2.2) exists in the
interval [0,o) and remains positive for all t > 0.
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Proof: 1t is true because

M) = x(0)exp { fo ' [r— r“'(SK_ n_r (:((Ss)) ),\'(s)] ds}

yorerp{ [/ [5- 823 s}

¥(1)

and x(0), y(0) > 0.

Lemma 2.2 Let (x(1),y(t)) denote the solution of (2.1) with the initial conditions (2.2), then

0<x(t) <M, 0<y(r)<L 2.3)
eventually for all large t, where
M = K" 24
oM
L = — (2.5)
B

Proof: Now, we want to show that there exists a 7 > 0 such that x(t) < M fort > T. By
Lemma 2.1, we know that solutions of the system (2.1) are positive, and hence, by assumption
(A), and (2.1)

w0 = xofr 1= oo

< () [1 - "'('; )] (2.6)

Taking M* = K (1 +K;). 0 < K; < ™ — 1. Suppose x(¢) is not oscillatory about M *, That is. there
exists a 7 > 0 such that either

x(ny>M* fort>Thy 2.7

or
ORY'S for t > T (2.8)

If (2.8) holds. then fort > Ty
)M =K(1+K)<Ke" =M

That is, (2.3} holds. Suppose (2.7) holds. Equation (2.6) implies that fort > To+ 1

x(t—1)
e

i) <o) [n -

< ~Kyrx(t)
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It follows that

oy '
/ x(—s)ds < / ~Kirds
T+t X(8) To+t
= ~-Kir(t—-Th—1)

Then 0 < x(r) < x(To + 1)eX7=T—=1 5 0 as t — o, That is, lim x{r) = 0 by the Squeeze
Theorem. It contradicts to (2.7). Therefore, there must exist a 7| > Tp such that x(77) < M*. If
x(Th) €< M* for all + > Ty, then (2.3) follows. If not. then there must exist a 72 > T such that 7>
be the first time which x(72) > M”. Therefore, there exists a 73 > 7> such that T3 be the first time
which x(73) < M* by above discussion. By above, we know that x(T}) < M*. x(T>) > M*, and
xX(Tz) < M” where Ty < T> < Tx. Then, by the Intermediate Value Theorem. there exists T4 and 75
such that

My =M |, TT1<Thi<T
) =M |, Hh<Ts<T

and x(1) > M* for Ty < t < Ts. Hence there is a Ty € (74.T5) such that x(Tg) is an arbitrary local
maximum, and hence it follows from (2.6) that

0 = KTy < ra(Ty) [1 - —g‘}—'ﬂ]
and this implies
WTy~1) < K
Integrating both sides of (2.6) on the interval [T, ~ 1, T¢]. we have
x(Ts) ] /T" i(s) /Tﬁ [ x(s— T)]
Inj|—" = —ds < | — ds < rt
':X(TG - T) Te~1 .\'(S) 5= Te—1 d K Pe

It follows that

x(Te) < x(Tg—-1)e™ < K™ =M

Since x(7s) is local maximum of x(¢) and x(Ty) < M, x(1) < M where t near Ty. Since x(Tg) is an
arbitrary local maximum of x(r). we can conclude that there exists a 7 > 0 such that

x(1y <M for t >7T 2.9)

Suppose x(t) is oscillatory about M*, for this case, the proof is similarly to above one. Now. we
want to show that y(¢) is bounded above by L eventually for all large t. By (2.9), it follows that for
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)

0 [5-p20]
0 [3-Ex00)
() [1 - o)

Therefore, y(r) < 8 — L fort > T. This completes the proof.
P

IN

Lemma 2.3  Suppose that the system (2.1) satisfies
r—cL>0 (2.10)

where L defined by (2.5), and c is defined in assumption (A). Then the system (2.1) is uniformly
persistent. That is, there exists m, |, and T* > O such thatm < x < Mand! < v < Lfor1 > T".

Proof: By Lemma 2.2, and assumption (A), equation (2.1) follows that fort > T + 1

iy > x() [r (I - %) -—('L] (2.11)

Integrating both sides of (2.11) on | — 1,1], where 1 > T + 1, then we have

x() > x(t— el (i-#)-etr
That is

=1 < x(n)elr(-§)=]s 2.12)
It follows from (2.1) that fort > T+t

Xt -1

w0 |12 = piatnsto
x(1) {r— cL— %e‘[’(]'%!)'d]tx(l)}

x(r)
(r—cL)x(0) {1 ™ Fred (- eI }

x(r)

vV

It follows that

liminfx() > D) f1-4)-tlt = 5
1—3eo r
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and 7 > 0 by (2.10). So, for large 1, x(1) > § = m > 0. It follows that

n
p
a0 [1- Fow)

Sy(r) {l - —‘—a%)-]
13

W 2 0 [8—9""’]

i

]

Then
. dm -
hmgﬁ;(!) > -g =1
So, for large ¢, y(1) > § ={>0. Let
D = {(x¥)m<x<M. I1<y<L}

Then D is bounded compact region in Ri that has positive distance from coordinate hyperplanes.
Hence we obtain that there exists a T* > O such that if r > 7, then every positive solution of
system (2.1) with the initial conditions (2.2) eventually enters and remains in the region D, that is,
system (2.1) is uniformly persistent.

Theorem 2.1 If p(x) = cx in the Holling-rype [ model, and the delav T satisfy

r—cL > 0 2.13)
et ooyt 8 MAXT Mrov't
A R T 0 (2.14)

0 (2.15)

where m, M, and L defined in Lemmas 2.2 and 2.3, then the unique positive equilibrium £ of the
svstem (2.1} is globally asymptotically stable.

Proof: Define z(r) = (21(1).22(1)) by

N Ry L
: 1

a{n=

From (2.1).

*

() = [l+:1(!)} [— % z;(I—T)‘C)'*:g(I)} 2.16)

oy § BE(0) = By 22 (1) 2
120 {2 e

3.
[
—~~
—
~—
i



Vi(z(1))
then we have from (2.16) and (2.17) that

21(1)24(r)

={z1(r) = In[1 +z1 ()]} + {z201) = In[1 + z2(1)}}

49

(2.18)

22(1)22(1)

Vi(z(r)) Tx50)

K
Bx

Ty [l+~1 )]

*

IA

By*23(1)
x* {14+ zi(1)]

If 6x* ~ ey*M > 0. and by Lemma 2.3, there exists a T* > 0 such that m < x* {1+ 2((

’x'm(!)m (r—

- rK aOnl -

14 za2(r)

T —o" ()2 (r) + -z (1)22(r)

1+21(n)

S—cv* {1 +z(n)]

7y

(1)

(2.19)

1)] £ M and

I <y*[V+22(r)] < Lfort > T*. Then (2.19) implies that

rx*

Wen) < -2alat-1
5‘—;;‘——-'2 [0 +30] - B"'*ﬁ(’)
= a0 [a0- [ ava]+ (-0
(520
20 [ 1] |- a0 - o]
+7 [1+21(S)]. r;*d(’) (Y—T)~C.\":1(I)::(S)] ds
B (-
+5 [ a6 Rt l+ar Ol el o

(2.20)
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Then forr > T* + 1= T, we have from (2:20) that

et ot &t A S S S
Vi(z(r)) < —(K +5 —m) z%(l)-—(&d +~2——;';)z§(l)
Mr  [rx* il .
[ [Faoias= oo ol ae)]
<t ooyt Oy By ot &\ ,
< — S _‘_._. 75
= (K+2 2m) <)~ ( 2 zm)”-(')
M T d VT
+K’[" 30+ Fs—nds+ ZI3(r)
-t ...
r,\z’ ’_Izg(s)ds]
_ rx*+££_5i"_Mr2x*t Mrey*t 20 By
- K2 2w 2K2 2k ) M
eyt &’ 2 MPxt Mrey* 2
+“2— ,)m) 2(1)+W/(-—t ( T)ds+ 7K . z(S)dS
2.21)
Let
My
V) = S5 / / (Y- 1)dyds
M
rey’ / / Y)dyds 2.22)
then
. _ Mrixt , Mrx* 2
Wiz(r)) = %3 Szl - )“—m— - zi(s—1)ds
Mrey*t , Mrey* 1,
2—2() - —=— [ s 22
k20~ ) 29 (2:23)

and then we have from (2.21) and (2.23) that for 1 > T

V|(z(r))+\72(z(t)) < _(fﬁ+c}.w S M~y Mrcy*r) 2

= K2 " T T ko )a0
(B o & Mot 3(1)
M 2 2m 2k
Mratt
+ ')K‘a it -1) (2.24)
Let
Mrxt
Vs(a(e) = [ syds @25)
2K~ Jr—1
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then

. Mriy*t Mrx't ,
W) = 2](); 30 - '", 2(-1) (2.26)

Now define a Lyapunov functional V (z(r)) as

Viz(t)) = WVi(z(0)+Valz(n) + Valz(r)) (2.27)

then we have from (2.24) and (2.26) that forr > T

. ooyt 8 MPxt Mrey't
V(z(r)) < —( +'———-———“"‘——"—>Zf(f)

K 2 2m 2 2K

it
i
-t
=
=
Nt
|
=
&
)
Py
=
N

(2.28)

Then it follows from (2.14) and (2.15) that { > 0 and 1} > 0. Let w(s) = Ns? where N = min{{,n}.

then w is nonnegative continuous on [0,e0), w(0) =0, and w(s) > 0 for s > 0. It follows from (2.28)
that for ¢ > T

Vi) < -N[Z0+30] = =Nz = = w(lzOl) (2.29)

Now. we want to find a function u such that V(z(r)) > u(||z(¢)|]). It follows from (2.18), (2.22),
and (2.25) that

Viz(t)) > {a@) -1 +z)]}+{z0)—In[1 +22(0]} (2.30)

By the Taylor Theorem, we have that

4

A -l 43 = ﬁ 231)

where 6;(t) € (0,z(¢)) or (z{r).0) fori =1.2.
Casel : If 0 < 6;(¢) < z;{r) fori = 1,2, then
(1) < (t)
[1+ () (1+6;(n]"
By Lemma 2.3. it follows that fors > T*

—l < 2 (2.32)

m<x{l+z@)) = x(t) <M
(2.33)

IA

y[l+z()] = ) <

A
~
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Then (2.32) implies that

AR _am
(M) Al = enp

2

v\ 3(t)

) 2 <« 2L
<L> S Y eur
It follows that (2.30), (2.31), and (2.34) that forr > T *

10 4] (1)

< 31

< 30

- 5l+emn 2[1+ 6P
> 5 01 (5) 30
> mm{

= Nl

Case2 : If =1 < z;(t) < 6;{t) < Ofori=1,2, then

()

[(L+6i(0)) ~ [1+a()]

%(%)j%<%)}¢ﬁm+éuﬂ

72 ___Zigi._ < (i)z-l
A< frer = \m) 1Y
) 3(1) (\> 5
) —=— < |5 )

3 < irenp < \7 5(t)
It follows that (2.30), (2.31). and (2.36) that forr > T~
1 2 (=10
V{z > = L + = <
2 e wr i r ey
1 b i 7
> ii(f)+ 10)
l ’\,A 2 5 l y* 2-2
2 3(3) J0+3(%) 3
> N[Zt)+30)]

= Nzl

(2.34)

(2.36)
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Case3 : 1f 0 < 01(r) < zi1(r) and ~1 < 22(r) < 82(7) < 0. then it follows that (2.30). (2.31).
(2.34). and (2.36) that forr > T*

L {0 N -1
204+010)7  2[14+6:(0))

() d0+330

Vizin)) >

b -

v
[T
TN
S !
N’

1

_r_l

=

+
(SRS
N
o~
SN’

&1

=T

Z

Y

N0 +30)]
Nzl

Cased 1 If ~1 < z1(r) < 0(r) <0 and 0 < B>(r) < z3(r). then it follows that (2.30). (2.31),
(2.34). and (2.36) that fort > T*

[}
-t

1) 4! 23(1)

L TR N7 ST

v

i ‘N, F/vN\",
> 5 (5) o+ (%) 0
> N[0 +50)]
= Nzl

Let u(s) = Ns2, then u is nonnegative continuous on [0,0), #(0) = 0, u(s) > 0 for s > 0. and
le u(s) = +oo. So, by casel ~ cased, we have
4o

Vizin)) = ullilzOh for t >T" (2.37)

So the equilibrium point £* of the system (2.1) is globally asymptotically stable with p(x) =
cx.

[heorem 2.2 lfp x) =L in the Hollin -ype 11 model. and the d('l(l\' T sa!isfy
- T+x 3 g
r-clL >0 (238)

(142 ot ' & (L+ M) ey + M)

K(1+M) 2(]+m)~l+m—2m(l+m) K(1+m)

MACT( ) (K430 + 1+ M) Moy t(1+x)
K2(1+m)* 2K (1 +m)*

(2.39)
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E£+ o W(I+M) Mroy't(l+x7)
M 2(1+m)  2m(1+m) 2K (1+m)*

>0 (2.40)

where m, M, and L defined in Lemmas 2.2 and 2.3, then the unique positive equilibrium E * of the
system (2.1) is globally asymptotically stable.

Proof: Define z(1) = (z1(r),22(1)) by

a() = r(z)w_x* o) = \(r)‘*—\
From (2.1).
s - ) ez (1) 3z (1)
H() = [‘+‘“”]{1+an+z¢oy‘x{n+xq1+zmn”
3 ez (t—-1) _ 2ot —1)
K{1+x[l+2(0]} K{l+x[l+z()]}
(=1 (1) oy (1)
Kt T+ +z|(t)]} (2.41)
L) = [1+:z(r)]{%?ﬂ} (2.42)
Let
Vi(z(n) = {zs(t) = In[L + 21 ()]} + {=2(r) — In[1 + 22(2)]} (2.43)

then we have from (2.41) and (2.42) that

PR 1 (5 1 () BRSO F210))
Vi(z(n) 1+zi{r) + 1+ 22(1)

re' 2(t) _ r_\:*zzf(l) __rg(nar-1)
T+ 1+2(0)] K{+x[1+a0]} K{+x[1+u0]}

ez (1) (t = 1) 2 (0 (1 —1) By*23(r)

TK{ N +a@)} K+ [+a0]} [ +z(0)]
(

S{1+x* [l +z1(D}} —cv [t +21(1)] 2()200)
{T+x1+a0P1+a@)) 77
rx* (1) N rx*:zf(t) R\“ZZ%(1)|Z1(I - 1)
T+ [l+z()] K{I+x*[1+a()]}  K{1+x[t+z(0]}
SO LR S (R 10) - (E2-T0 R
X {1+ 21(0)] {T+x[l+a@B1+a0]  —

- { el = + e } 20zt —1)
{I+x[l+z2(0]} K{t+x[l+z(n)}
(2.44)
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It 8x* (1+m) —cy*M > 0. and by Lemma 2.3, there exists a 7% > 0 such that m <
H+z)) <Mand! <y*[1+22(1)] < L fort > T*. Then (2.44) implies that

re*z3 (1) _ () rx‘zzf(t)lzl(l -1
l+m  K(1+M) K(14m)
BB atd)  otdl) | & (1+M)()
M 2(0+m)  2(1+4+m) 2m (1 +m)

S (1+ M)z (1) re* (14+x7) ; . t,
*omGam  Kreniraops [”(') _/,_r”‘(s)ds]
_ [rx* (14 2x*) o rx’ W (1+M)]

- K(1+M) 2(I+m)_l+m‘_2m(l+m)]"m

Vi(z(t)

IN

By oyt e (1+M)] o, ,
a {ﬁ 2(1+m) - 2m (1 +m) ] A0+ m&l(t)ld(t—t)l
X (L 4+x%) rx*z(1)ze(s)
K{1+A [1+g|(t)]} - r[l+d(s)]{l+x‘[1+2|(s)]
o~ ':|(t).‘ s _ rx z(zi (s — 1) 3 rx*zzl(t):l(s—‘c)
K{l +x* 1+ -1(s)]} K{l+x[1+2()]} K{+x{+z(s)]}
_pCalan ot 1,
CK{+x+nls)]} T+ +z(s)]
._[ (142 )+ o ot W(1+M)]
K(1+M) " 2(1+m) 1+m"2m(|+m)]'”‘(')
[B\ o W (1+M)
2(1+m)  2m(1+m)

IN

A0z (-]

]’”* (e

(1+x%) x|z () zi (8)]

+K{l+r [T+zi(r) }/, f[l+ {lﬂ [+ 2 (s)]
re? |z ()] 21 (5)] L la®las -~
K{1+x[1+z2(s)]}  K{l+x[1+z2(s)]}

@Ol = 9] | o (0] le(s)]
+I('{l +x*[1+z1(5)]} i +xt [L421(s)] }ds

+

r_‘.*(l +,\‘*) 1 rx*ZZI(I)Zl(S'—T) ) ,
~K{|+,\'*[l+zl(t)]} I—TK{]+\'*[I+' (S)]} [l+&l(5)] ds
et (1+x7) C ot (0 s = 1)

KT+ T30 hee K 4[4 [T Wlds (2:45)
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Thenfort > T +1= 7, we have from (2.45) that

- [+ 24 o o W {I+M)] ,
Vi) < [K(1+M) 2(l4+m) 1+m 2m(1+m)]“()

By cy” S (1+ M) . M\
—[M 2(l+m) 2m (1 +m) ]”’(t) (1 +m) (|+F)<.l(1)

Mr(1+x*) [n zi ()] |z ( t)|_!_ 22z ()] 21 (8)]

K(1+m) I+m K(1+m)

rela@)la=0] |~ a@llas =91, o la)]l2e)]
+ K(1+m) +- K{(L+m) + 1+m ]ds

e il
KV(1+’") Ji—1 K(]-l—"l)

+Mr(l+,x") /‘ rx*zlzl(t)llzl(s—mds

K(14m) Ji— K(l+m)
< _ rx* (14+2x%) o ot & (1+M)
= K(1+M) 2(l4+m) 14m  2m(l14+m)

TKAFm . K(1em) TR TREY

_Mzrz,r*(l-Fx*)I -2(,)_ B\ C\’* _812 2
w1 +m2 | TEm  2m)
MR (14+x%) (K +x°)
2K2(1 +m)’ - ‘[.‘
MPx* (1 +x* 2t 2
+ x*( +1)(M+71+ x*) :Ts—t)ds
2K2(1 +m)* -t

Mrev (1 +x*) /’ 5
+— z3(s)d 2.46
2K (1 +m)? 2(s)ds (2.46)

ra* (X + M) _ Mr(l+x%)1 (_r_r: I ot ey )
2

73(s)ds

Let

Mrx (1
Vi) = MU+ (K+) // Ydyds
1—TJs

2K? (l+m)“
Mrex" (L +x*)(M+1+2
+r-t( x 1\-+’«//:TY *)dyds
2K? (l+m) -1
Mrcv l+\*)/‘ /
25(y)dyd 247
ZK (1+m)? Ji- (Vs (247)

then
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MRt (1 +x') (K +2*) 20)
2K (1 +m)2 *
M 21.1 K3 K ; & of 5
B rex (T4 %) ( +r)/ 2(s)ds
1—T

Wzi) =

2K2(1+m)’
MP (1 +x°) (M1 +2x")’2(t__r)
2K (1 +m)’ o
D 4 x ) % !
_Mrx (]+_\:)(M+21+.,\) 2(s ~1)ds
2K2(1 +m) -1
ot -y, oyt ) o,
Mreyv* () +,; )li(')—M’(" (l+r7)/‘ 2(s)ds
2K (1+m)” 2K(1+m)” Je-t
(2.48)
and then we have from (2.46) and (2.48) that for ¢ > T
. . rx (14 2x%) cv* ry' o* (1 +M)
Vi(z(¢ Va(z(t - - - -
W) +Valalr)) - < [ KO+M) T 30+m) T+m  2m(<m)

(M) Mr( )t e 3t ot o
K(l+”l) K([+n1)"'

IR T ST G
M t(1+xY)  MPXt(1+x) (K+.r’)] 20
- - I

2K2(1 +m)’? 2K2(1 +m)?
_[Evi oW (1+M) M,q-*r(w-"*’]-z )

M T 200+m) 2m(I+m) 2K (14 m)*
MP2x (142 ) (M + 1+ 2x%)

s ,
’ 2r=1) (2.49)
2K2 (1 +m)* i
Let
2 os o Iv* g
) = MEETUE)MATE20) 1o 2.50)
. 2K2 (1 +m)“ -1
then
. MPx (L +x7) (M+1+2¢) o
Va(z(r)) = ( 2 z 3 )17(’)
2K (1 4+ m)
7-¢ f+ ¢ | N
MEcr( A MR 5 2.51)

2K2(1 +m)°

Now define a Lyapunov functional V(z(r)) as
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V() = Vi(z(n) +Va(z(r) + Va(z(r) (2.52)
then we have from (2.49) and (2.51) that for ¢t > 7

+

. re* (14 2x*) oy rx ox* (1+ M)
ol < - = — —
V) = [ K(1+M) 2(0+m) 14+4m 2m(l+m)
(x4 M) MRt +x) (K+3x" +1+ M)
K(1+m) K2(1+m)?
Mreytt(1+x") |
_—’(____2_)_ ZT(')
2K(1+m)
By* oy & (1+M) Mrey't(14+x')| »
- + - - 7= 1 23(1)
M 2(1+m) 2m(1+m) 2K (1 +m)”

= -G -n30) @33

Then it follows from (2.39) and (2.40) that { > 0 and n > 0. Let w(s) = Ns* where N =
min{{,n}. then w is nonnegative continuous on [0,e), w(0) =0, and w(s) >0 fors>0. It

follows from (2.53) that forr > T

V() < ~N[Z0+30] = =Nz = —w(llz0Ol) (2.54)

Now, we want to find a function  such that V (1)) > u(}|z(#)}]). It follows from (2.43), (2.47),

and (2.50) that

V) 2 {a() - Infl+ (0]} + {2200~ In[1 +200)]} (2.55)

<

then by Theorem 2.1, we have that n(s) = Ns* and V(z(t)) > u{llz(t)]]). So the equilibrium point
E* of the system (2.1) is globally asymptotically stable with p(x) = 5.

Theorem 2.3 Ifp(x) = "I(_"_;i! in the Holling-type 11l model, and the delay t sarisfv

r—cL>0 (2.56)
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(14 3x2) atyt X'y ot (M+3x7) 3t (M 4x7)
K(1+M?%)

+

20+md)  1+M2T T i +m? K(1+m?)
o (M +x)? _ &' (1+M?) o' (L+y)
K(l+m?) 2m (1 +m?) 1+ m?
Mrxt (1 4+27%) (3Kx* +9x*% + MK + SMx* + | + M?)
- K2 (1 +m?)?
Mrey*t(1+x2) (4x* + M) o
B 2K (1 +m?)? g

(2.57

By* ex*y? Sxt (1 +M3)  Mrey*t(l +.\"’2) (2x*+ M) S

- ; 0 2.58
M T 2(L4+m?)  2m(14m?) 2K (1 +m?)? (2.58)

where m, M, and L defined in Lemmas 2.2 and 2.3, then the unique positive equilibrium E * of the
svstem (2.1) is globally asympiotically stable.

Proof: Define z(t) = (z;(1),22(1)) by

zi(t) = %__\.: , ()= () =y

y
From (2.1),
. 2rx* 21 (1) 22
20) = [1+20)] ) Lol __
T+x2{t+ (0] t+x{l+ ()]

2rx*3:;(1) rx"%%(r)

_K{l+,\-*2[l+:|(1)]2} K{l+x*3[l+:;(t)]2}

B "zt —1) 3 rx*3z (r—1)

k{14221 +a0]} k{14021 4200}
a0t -1  ngnu-r)

K{1+.\;2[|+;.(r)]2} K{l+.\"3[l+zl(r)]2}

B ex*viz1 (1) 3 ext v aa(r) _ cex*y i (1)za(r) }
1+ 2 +a0)F 1+ 0 +a0)] 1+ 1+00))

(2.59)

() = [1+:z(r)]{%§§fﬂ} (2.60)



Viiz(0)) = {z () =Im[1 + 2 ()]} + {z2(r) — I [1 + 22(1)]} 2.61)

then we have from (2.59) and (2.60) that

a@al) | )

MED) = TEE T T a0

_ 2ry* 7:;() + rx* —3()

T+ e[+ 1+ +30))
27:\"‘3zf(l) _ r\'*U‘ ()

k{1+52 1+ 2P} K{l+x72[l+¢| N’}
o ma®ui-1n e uul -1
k{1+x2 14008} K{1+22[1+a0))
2 nni-v)  nld@ar -1
k{i+ri+amPt  k{ieeeanP)
R N > 10)
T+l +0)  cli+z)
_erydna)

L+ x*2[1+ (1))
8{l+x*2[l+:| t)]z}—cr*)'*[l 21(t)]

" {1+\ [1+~|(:]}[1+~1 N

21(H)z2(r)

(2.62)

1 8(1 4 m?) —cy*M > 0, and by Lemma 2.3, there existsa T* > O such that m < x* 1+z1(0)] <
Mand! < y*{1 + ()] < Lfort > T*. Then (2.62) implies that
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2rx*22 (1) 3 2re 2 0) oy )
I +x2[1+ 7)) K{l+x, [1+21( )]2} 1+ 22 L+ ()]

b 101G I - 1) 11| R a1 ) Y G|
T+ x2[1+ ()] K{1+\-;2[1+:,(r)]2} k{1452 [1+=2(0P}
+ cx“y*z%(l)lzg(tﬂ + ‘3-2(t Yzl I)|[&|(t—‘r)| By*:%(r)
14+02 {1+ (0 K{]+x [1+2) t)]} x[1+z(0)
8{1+x*3[l+z|(t)]2}—rx“_v*[l+z|(t)]

{1421+ a0} +20)

aalr-1 ez (N = 1)
K{l+r*1[l+z|(1)]2} K{l+x*3{l+:|(r)]2}
2rx cx*y”
1+m2"() (1+M)”'() 1+ M?

2 +3
E(—l;——)q(l)lq (t=1)]

#3 o

a0l -9l - B30

Vi) <

+ |21 (1)} [22(r)]

saHn)+ - e’ G0k

IA

‘.«3

+K(l+ml)
cx'yt 5
53 f
+ A0 R0+ 5

& (1+M?%) oV o
o m) [H0+300] - T (5 +25(0]

(et [
_K{l +x"2[l +Zl(t)]2}~l(t) [d(f) -/l‘—t"l(s)dsjl

2 =3
2rx** 2rx

Trne O~ K
rxt? (M+x") ,
K(1+m?) al)+
cx* \
201+ n’)*‘( )+

143 vy, ‘
((1+A:I’)”‘(’)+ (lr_‘l_,,,z)zf(’)lzl("r)l

G0+

rx
K (1+m?)

ox*y"

, e (M4x)
all) = e

ot
10+ 1+ m? 1)
ex* (L+y*) 5 By* 5 & (1+M°) 2
T+m *l([)_7‘2(1)+ 2m(1 +m?) 4l)
Sv (1+M?) 20) - X
2m(1+m ) 2

IA

30)

2(14+m?)™"

rat?
R O kOl

e (14 x7)
k{14221 +z1(:)]2}
2rx* 271 (1)z1(s) rx"zzl(t)z%(s) 2rx 5 (021 (s)
X S+ . 5 -
T+e2[L+ 6P 1+ +5()] K{] + 221+ ()P }
B re (02 (s) N iz {0z (s — 1)
K{n +x°2[1 +:1(s)]2} K{] 021 +:1(s)]2}
r-,t*3:p(r):|(s—t) _ 2rx*3z|(t):|(s):|(s—t)

_K{l +x°21 +31(s)]2} K{l +x'?[l +z|(s)]3}

[ 0+20)
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_ rx”t3z|(t)z%(s)zl(s-—t) : a*viz(Hzi(s)
K{l +x21 +:|(S)]Z} 14+l +3l(5)]2

_a'y'n(n)e 2(s) _c.r*y‘ZI(')El(S)ZZ(S) ds
T+ 2[14+0()) 1+x2[1+z(9)]

(2.63)

Thenfor: > T +1= 7, we have from (2.63) that

. ex'yt rx* (M +3x") 3 (M4x") 5
2 < - < 2l K+ -
Vi{z(r)) < Y 1(2) L+ m2 zi(r)+ K(14+m?) 1)

ex (L+y) 50w (M+x) By
1 4+m? ~|( ) K(l +an) ! ) M ~:(t)

T+ M) cx'y” e (143077
7m(l+ml) o) - 2(1+m) 1() K(1£M) zi(r)
o (1+M2 2 (_*x.‘\ 2

2()—2(14’"12)\'2(’)

«3

)
+ 2m (1 +m?)
) 23; 2tz ()]

Mr(l+\*3 ol
+K(l+m) / (er (21 () +

a0l (- Dl + ey [ 0] alo)] 4 ey [ (0] (9

+’—;(L 2100} |:1(s—‘t)|) dsr

(|+\ ) }/,~/T[]+Zl(s)]

1+4x*2 [T+zi(r

rx* ~1 _ 3z (0z1(s)
1+x? 1+q(v k{1402 L+ ()}
o

/‘—M

m :.(z» (=1 _eryu(al) }[H )]
142 1(5 } 14~ [l+~|(s)]

| 2:.(:):1(» __ ua)
1+ 2021 +21(s)) K{l+x‘3[l+:|(s)]2}

_ 232 ()21 (s = 1) _ex’y'z(t)za(s) ds
k{i+e2 4@} 1+t +a@)
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rx* (1 +x”7')

—K{1+\' [1+41(1)]}/ U +26)

L lamai-1 (L4 (s)
K{] +‘\'*2[1 +Z](S)]:}

(N (s—1) _ 221 (D21 ()21 (s = 1) ds
K{l+,\ [T+ } K{I+.\"‘3[l+:|(s)}3}
ex'yt (M 437 2(M+x)

1+M’“'() 1+m? i+ —_KT.-F_T_”(')
ex* (L+y") » (M +x°)° 2 By ,
14 m? aln+ K(1+m?) 4l - M a(l)
(l +M“) 2() - oyt 200 et (1+ 3.\"‘2) 20
2m(1 2m(1+m?) ! 2(t+m)! K(1+M2) -
(l +M- ) 2( ) (‘X”_\’* _2(')
2m +m-) “2 2(1+m?) 2yt
Mr 1422 r, 3t 5
K(1+mz { )+ /l_rq(s)ds+ = 23(0)
't ' mit,
+—IT/’ tq(s)ds+——-’;() z%(s—t)ds«l- s a0
X3
rxy - \ T 5 (‘\’ \ 2
+= 51 ds+ z / 1(s)ds
o [ A= 0+ 5 [ das
c_r*_v*T 3 ex'yt o,
230+ %5 /’_rn(s)ds]

23

Mir(l+x?) ¢ | o
+m/,_1 [m (Ol ()] + = la Oz )]

2r,x

+ |21 (1) [,~(s—t)|+m*w'| ()] za(s |] ds

Mr(l +xs2) 1 1 ) r.\'"3 ) )
+K—(lm)—2/_1 [r.\ I‘l(r)ll"’l(s”'i"k_»,cl(t)“q(s)l

a3
?_rr

+ lz1(r) ]| §—1 l+cz lzl(l)|{zz(s)|] ds

M3rPx (1 4+x%2)
K2(1+m?)?
MR (1+x%2) g
Lz (D)) (s -
Tt alal=olds
7Mr21(*1 b+a*?
+-——__—.____.
K2(1+m?

/ L0 (1)] |21 (s — 7)] ds

L sl -oil+2 )
+lar0)] a1 (s = [} ds



< rxt (14 3x*%) N cxty? N o'y ot (M43
- K(1+M2) " 2(1+m?)  1+M? 1+m?
It (M+x*) e (M+x7) W (14M?) o (L+yY)
K(1+m?%) K(l+m?) 2m (1 +m?) 1+m?

Mr(1+x%)t [3rx2 + 9rx*? + et 3extyt
K(1 +,,,2)3 2 2K 2K 2

Mzr(1+x’2)1: s oty /‘43"2—*"(1"’4‘“‘2)17 2
| 5 + + -

5 zi(e
Kx (1 +m?)* 2K 2 2K2(1 +m2)? 10
B.V* + CX*,“* Bx* (l + Mz) _2(’)
M T 2(1+m2) 2m(1+m?) |
Mr (l +x*l) et 3t o'yt U
+ + + —= / zi(s)ds
K(1+m?)? 2 2K 2 -t 1(6)

3

' rx* 3t !
+ex*yt | (s)ds+ / 2(s—1)ds
ey [ 30 (K K)}_tl( )]
et et? T,
(T t R ) [

Mr(1 +,\"2)
Kx* (1 +m2)?

okt *3
+22 / 3(s)ds+ 23 / zf(s—‘t)ds]
2 i -t
M2 (145
SMre (1447 / Z(s — 1)ds (2.64)
2K2(1+m?)° Ji-t

Va(z(r)) =

Mrx* (14+x*2) (3Krx* + 3rx*2 4 Key* + MrK + Mrx*)
: / JECLE
2K2 (1 +m2)* -
Mrey* (1 + (" + M)
+ v( x2 \+ //2(ydyd\
2K(l+m~

MR (1 1+6 a4Mx" + M?)
. Pt (L+a%2) (14602 + Az + / / 2y t)diyds
2K2 (1 +m?)?

(2.65)



then

. Mrx*t (14 x*2) (3Krx* + 3rc? 4 Key* + MrK + Mry") B
et = 2K2(1 +m?)? al)

Mrx* (14+x%7) (3Krx* + 32 + Kev* + MrK + Mrx*)

T
,
z1(s)ds
2K2 (1 +m2)? ‘/I-r 1)

Mrey*t(1+x*3) (20 + M
LMot B M) )
2K (1 +m=)
Mrey* (1 +x2) (2x" + M) 1
_Mrey (14x7) (2 )/ 2(s)ds
2K (1 +m?)” -1
M2 (1+x%7) (1 +6x2 +4Mx* + M?
+ ( ),( 3 ):%(1 -1}
2K (1 +m?)”
Mﬂf(l+fﬁ(1+6ﬁl+4Mf+mﬂ)/r
2K2 (1 +m2)? -1

(s~ 1)ds

and then we have from (2.64) and (2.66) that for r > T

el Y’ *
et (14 3x*%) ox'y* oty

Vl(Z(f))+V2(Z(’)) S - K(1+M2) +2(]+m?.)+ 1+M3

3 M+ At (M4at) et (M4 xt)?

T+m>  —  K(l+m)  K(l+md)
S (1+MY) o' (L+yY)
2m (1 +m?) 1 +m?

Mrx (L +x*2) (3Krx' +3rx*% + Kev* + MrK + Mrx*)

2K2(1+m?)?
Mr(1 +x‘2) T [ 32 + 9ry? + e 3oy
Kii+m)® \ 2 T2k Tk T2

Mir(14 x5t [ 2 N S5retd ey
Kx (1 +m?)? 2 2K 2

MR+t ,
o | a)
2K (14 m?)

65

(2.66)
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M 2(1+md) 2m(1+md)
Mrey T (1+x2) (2x° + M) a0

”K(l+m’)“
Mrl\ T{l+x )(l+6\"2+4M.\"+M ) 5

_ [B_v" + ox*yt &t (14 M?)

Hwi—1
7l(~(l+r112) al )
(2.67)
Let
MAT(14+x7) (L4637 + 4Mx* + M?
V) = L+ ) [ s
2K2 (1 +m2)? -
(2.68)
then
. MRt (1+07) (1460 +4Mx* + M2
Wiz() = ( ),( — )z%u)
2K (1 +m?)
MPxT(1+x7%) (1 +6x°7 +4Mx* + M?) 2
2K2 (1 +m2)? -
(2.69)
Now define a Lyapunov functional V (z(t)) as
V(z(r)) = WVi(z(r)) + Valz(n)) + Va(z(1) (2.70)
then we have from (2.67) and (2.69) that for t > T
. rxt (14 3x2 ox'y* cx*y* (M + 3¢
Ve < - | B et M+ 30)
K(1+M?) 1+M: ”(l+m) 1 +m?
3 eI (M+x") et (M4 xt)? &x* (1 + M) ex' (L+y)
K(1+m?) K(1+m?) 2m(l +m?) 1+ m?
M2t (1 +x2) (3Kx" + 96 4+ MK + SMx* + 1+ M?)
K2(14+m?)?
Mrey*t (1 +x°2) (4x* + M) 20)
2K (1 +m2)? -
By oy ox* (1+M’) Mrey*t (1 +x* )(lr +M) 20)

M +2(l+m~) 2m (1 +m?) 2KU+’")
= () —nz0) @71
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Then it follows from (2.57) and (2.58) that { > 0 and n > 0. Let w(s) = Ns? where N =
min{{,n}. then w is nonnegative continuous on [0.e0), w(0) = 0, and w(s) > 0 for s > 0. It
follows from (2.71) that fors > T

V) < -N[ZO+30] = =Nllz0IF = —w(llz()l) 2.72)

Now, we want to find a function « such that V (z(1)) > u(]|z(¢)]}). Tt follows from (2.61), (2.65),
and (2.68) that

V() > {a() =1 +z(0)} + {z20) =1 + 22(1)]} (2.73)

then by Theorem 2.1, we have that u(s) = Ns* and V(z(1)) > u(llz()]). So the equilibrium
point E* of the system (2.1) is globally asymptotically stable with p(x) = 1—‘1—:%

Remark 2.7 By Theorem 2.1, Theorem 2.2, and Theorem 2.3 we can assume that

V() = {zl(t)—ln[lf:l(r)]}+{;3(:)—ln[1+;2(,)]}
+a(p(x))%% /’ . K F(Y)dyds

M.?. ¥ " '
+b(1’(x))—-—’ f [/ / (Y- t)d"{ds+T/
2K" Jt-1ds

t
:%(s)ds}
-1
Mreys 0 1,
+elpn - [ [ 3enavds

Then
(i) for p(x) = cx in the Holling-Type ] model

a(p(x)) =0 , b(px))=1 . c(px))=1

(ii) for p(x) = {5 in the Holling-Tvpe Il model

N r(1 4+
Ay = T
b(plx) = (l+x‘)(M+!2+2.r‘)
{(t+m)
(pl)) =

(1+m)?
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(iii) for p(x) = li—":z in the Holling-Type Il model

a(p(x))

b(p(x))

cpx)) =

Example 3.1

(r)

¥(0)

(1+x*2) (3Krx* +3rx*2 + Key* + MKr+ Mrx*)

(14m?)?
(1+x2) (14 6x*2 + 4Mx* + M?)
(1 +m2)?
(1 +x*2) (2x* + M)
(1+m2)?*

3 Examples

In the Holling-Tvpe I we consider the system

x(t)[3 — 10x(r — 7) — 15¥(¢)]

where r=3,K= 4. c=158=1.p=6.and E* = (£, &). Then

r—clL = 224246 > 0
' —cy'M = 0.0582 > 0

*2
B o

M 2

e - = 1. 0
2m K? 2K 1.5940 >
8x*  Mrev't

_— = = 0.0103

T 2K 103 >0

a.n

whenever Tt = 3{75 Consequently, by Theorem 2.1, we conclude that the unique positive equilib-

rium point E* of the system (3.1) is globally asymptotically stable. The trajectory of the system

(3.1) is dipicted in Figure 3.1.
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Figure 3.1: The trajectory of the system (3.1) with t = ﬁ) .

Example 3.2  In the Holling-Type Il we consider the system

o) = x() [3 —10x(r—1) - I5 I :-(’r)(l)] (3.2
2)

W = ) [1 —6‘%]

wherer=3,K = &.c=158=1.p=6.and E* = ({,4). Then

r—cl = 224246 > 0

& (L +m)~cy'M = 0.08843 > 0
(14 2x%) oy e (1 + M) X (x*+M)
KO+M) " 200+m) 1+m 2m(0+m) K(l+m)
MPXT(14+0%) (K43 + 14+ M) Mroy*t(1+x")
B K2(1+m)? 2K (1 +m)?
By* + ot &' (1+M) _ Mrey't(1 +x7)
M 2(1+m)  2m(l+m) 2K (1 +m)?

= 0.05316 > 0

= 0.00475 > 0

whenever T = ’ﬁlx‘) Consequently. by Theorem 2.2, we conclude that the unique positive equi-
librium point E* of the system (3.2) is globally asymptotically stable. The trajectory of the system
(3.2) is dipicted in Figure 3.2.
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Figure 3.2: The trajectory of the system (3.2) with t = 3_(1')0

4 Conclusion

In this paper, we obtain that the sufficient condition for the global stability of the Leslie-
Gower predator-prey system in Holling-Type I, Holling-Type 11, and Holling-Type 11l models with
time delay, respectively. But we believe that the global stability of the predator-prey model with
time delay with all different functional response of the predator, p(x), for instance. p(x) = mx,
plx) = 2= p(x) = a—’:—:’v Px) =mx",0 < c <1 orp(x) =m(l —e ") will be an important topic
for future study.
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