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ABSTRACT
The kernel density approaches depend heavily on choosing the best bandwidth

corresponding to their related score functions. The procedures of classification using
kernel density are popular but very complicated and inconvenient to implement. In this
paper, we propose an interesting smoothing method of the estimated functionals of the
given sample, which we call it “Bernstein Monte-Carlo Smoother” (BMCS), to serve
as a classifier of the recruited junior high school students according to their monthly
exam scores, 1Q) test scores, and Aptitude test scores. Instead of the kernel-based non-
parametric discrimination procedures proposed by Lin et al. (2004), among others, we
consider a much simpler method using the smoothed quantiles of the sample. In our
study, we found that when the difference among the underlying groups is small, the un-
smoothed curves cannot be distinguished clearly. It is fortunate that, after smoothing,
the smoothed quantile plots are much smoother, which enable us to distinguish them
much easier.

Based on a sample from a junior high school, the boys perform a slight better in
IQ tests and the Aptitude tests while the girls perform a slight better in the monthly
exams. It suggests that if we would like to classify the students despite the gender
difference, we may adopt the weighted scores or the average scores suggested in this

study.
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1. Introduction and Motivation

As mentioned in Lin et al., “the kernel-based nonparametric estimators (includ-
ing LSCV: Least Squares Cross Validation, LKCV: Likelihood Cross Validation, and
GKNN: Generalized kth-Nearest Neighbor) as desirable competitors to Fisher’s linear
discriminant rule for handling problems of educational placemen”, kernel-based estima-
tors are very popular in the nonparametric setting. They noted that “the LSCV and
LKCV procedures failed to accomplish a complete separation of remedial group (RG)
and advanced group (AG) students from the normal group (NG), resulting in some
students being placed erroneously in the opposite direction”. As mentioned by Wand
and Jones and Kakizawa, since the kernel-based procedure is prone to obtain larger
biased estimates for the kernel density estimation evaluated on the boundary, we plan
to deal with the classification problem directly by a modified Bernstein approximation

of the quantile functions.

For n > 1, define b(k;n,x) := 2Rl — )"k 2 € [0,1], k = 0,1,...,n, to

n
k
be the probability mass function of a binomial distribution related to the number of
heads in tossing a coin n times, each with probability z of success, for x € [0, 1], and

0<k<n.

Suppose that G : [0,1] — R is a continuous function. Define the Bernstein poly-

nomial, of order m, with respect to the function G by

Byi(z) =) G(

k=0

%)b(k;m, x), x € [0,1]. (1.1)

Note that the Bernstein polynomial is a very smooth function of x. Unfortunately,
in general, the function G is unknown. For a random sample X1, Xs,..., Xy with
the distribution function F' and associated density function f supported on a unit
interval, Babu et al. used the empirical distribution function Fy(z) instead of the

distribution function F'(z), namely

Fx(L)pgim, ), v € 0,1, m=1,2,.... (1.2)
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Kakizawa considered some types of Bernstein-based generalized (boundary) kernel
density estimators and investigates their bias and variance properties. He also compared
his estimator with those proposed by Chen in terms of the Asymptotic Mean Integrated
Square Errors (AMISE).

Leblanc has shown that the Bernstein estimator defined by (1.2) outperforms the
empirical distribution function in terms of asymptotic mean square errors (AMSE) and

mean integrated square errors (MISE).

Clearly, the Bernstein estimator (1.2) is unbiased for the corresponding Bernstein
polynomial BL (z) = Y1" F (%)b(kz, m,x) but not unbiased for the original distribu-
tion function F'. From the definition of the Bernstein approximation, we find that the
computation is a little complicated and therefore it requires a simpler method for its

implementation.

Lin et al. adopted the kernel density estimation to divide students into three
groups; the bottom 5% group, the top 5% group, and the remaining middle 80% group,
according to their GPA scores. In particular, students with GPAs between the 90% and
95% quantiles and between the 5% and 10% quantiles—were excluded from their study.
This is due to that there’re no agreements could be reached on how to identify students
falling in these zones ( Glass ). All students in every junior high school that participated
in this study were going to be arranged in the three reference groups in compliance with
the remedial, advanced, and regular curriculum programs, respectively. From Lin et
al.’s results, we can see that these three approaches depend heavily on choosing the
best bandwidth corresponding to their related score functions. Such procedures of
classification might be complicated and inconvenient to implement. Remember that
our classification problem involves much with the boundary which kernel smoothing is
not able to deal with it unbiasedly. We are not aiming to propose a better estimation of
the density function other than the standard kernel density estimation but to conduct

the classification directly by our proposed Bernstein Monte-Carlo quantile estimation.

In this paper, we will propose a much simpler approach which is based on the
Bernstein Monte-Carlo smoothed quantiles of the scores of the tests conducted for the
students in the recruited junior high school. The smoothed quantile can serve as a good

classifier. In fact, when we compare the I1Q scores among different students, we usually
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adopt the percentiles to justify if they are in the “gifted children” group, the “normal
group”, etc. However, the estimated empirical quantile function is usually not smooth
and it sometimes affects the accuracy of the classification. In this case, we may use the
Bernstein approximation to remedy the problem.

This paper is organized as below: in Section 2, we propose the so-called Bernstein
Monte Carlo Smoother and investigate its viability; in Section 3, we recruit a sample
of junior-high students from a junior high school in Changhua County, Taiwan, and

apply our proposed Bernstein Monte Carlo approach to analyze the given data.

2. A New Bernstein Monte-Carlo Approximation of the

Quantile Functions

In this section, we aim to propose to predict the group to which a student with
given scores belongs. In practice, we may use many tests, e.g. 1Q test, questionnaires,
GPA, etc. among others, to classify the recruited students into the designed levels of
learning ability.

Suppose that G : [0,1] — R is a continuous function. Recall from the m-th order

Bernstein polynomial of G given by,
BS (z) = “)b(j; 1].
(@) jZOG(m) (jim, ), « € [0,1]

For any § > 0, define the modulus of a function f
wp(d) = sup |[f(z) = f(y)l, (2.1)
lz—y|<é
if the supremum does exist.
If wg(6) = O(6M), as 6 = m™ — 0 and we set —aH = —2 + 4a, then a = 4+LH'
We then have for all z € [0, 1],

—2H

|BS (p) — G(x)| = O (mﬁ) , as n — 0o, (2.2)

In fact, in a similar way to but more tedious fashion than that of Theorem 2.2.2

in Chow and Teicher (1997), one might have an interesting generalization with a better
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convergent rate as below,

> b(k;m,x)=0<mkl€2k>,fork=1,2,.... (2.3)
|k—mp|>me
If we set —aH = —k+2ka, then o = ﬁ — %, as k — o0o. From this observation,
we conclude that, following such an approach the best rate of convergence is wy (mfl/ 2)
which coincides with the result by Popoviciu (1935).
In general, the function G is unknown and remains to be estimated. Suppose that
G is a consistent estimator of the function G on the points {%, kE=0,1,2,...,m}.
Through the m 4 1 points, G (%), k =0,1,2,...,m, we can define the Bernstein
Monte-Carlo smoother as below:
Stepl. For any given x € [0, 1], generate a large sample 71,75, ..., T, from a binomial

distribution with parameter m, z, i.e. the probability mass function of each T;
m

large, say n = 10* or larger.

zF(1—x)™ % k=0,1,...,m. Note that n can be chosen very

Step2. Set

Gn(z) = :LG: G (2) (2.4)

=1

be the sample mean of the observations G (%) ,t=1,1,...,n.

We call the smoother G, (z) defined by (2.4) the “Bernstein Monte-Carlo Smoother
of the function G”. Note that when m is not large, the estimated curve G of the
functional G might not be smooth. The Bernstein Monte-Carlo smoother can fix this
problem.

Why does this smoother work? Observe that if we treat the consistent estimated
G (%) to be a (deterministic) function of the random variable T from Binomial(m, x),
then the expectation EG (%) =310 G (%) b(k;m,z), x € [0,1], which is exactly the
Bernstein estimator defined by (1.1). Since {T}, j =1,2,...,n} are random variables
from Binomial(m,x), under some mild conditions, the Law of Large Numbers ensures

the convergence of the sample mean (2.1) to the expectation EG (%) stochastically. In
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Table 1: Mean and Standard-Deviation of the five Scores for Boys and Girls.

Scores  Monthly test IQ test Aptitude test ~ Weighted Average
Gender Boys Girls Boys Girls Boys Girls Boys Girls Boys Girls

Mean 65.1 68.2 70.6 69.0 41.9 40.2 60.7 614 59.2 59.1
Standard
Deviation

206 189 102 91 278 269 177 16,6 174 164

the following section, we will consider the function G= Q to be the estimated empirical

quantile function.

3. Real Data Analysis

The data is collected by our second author who has been teaching at the Chang-
Tai Junior High School, Changhua County, for more than fifteen years. This data set
contains three monthly examinations of five courses, the IQ scores, and the Aptitude
Test scores of the 9" grade students. This data is collected and analyzed by deleting
all personal information except for the gender. We summarize the data in Table 1.

If G is a consistent estimator of G, then as the sample size is large, it will approxi-
mate the true values of the function G. If X = (X1, Xs, ..., Xy) is a vector of test scores
under consideration, then we may calculate the weighted sum X = Ele a; X; to con-
duct the logistic regression for the weighted variable X and then to determine whether
a student is gifted or not. While logistic regression is a popular tool of classification,
there are only two possible values, 0 and 1, for the response in logistic regression. If we
have to classify the students into more than two groups, it requires three possible values
for the response. To remedy this drawback, for continuous variables we can use the
empirical quantile function directly to classify the students into more than two groups
by our proposed Bernstein smoother. For example, by the classification according to
the quantiles at x = 0.05 and z = 0.95 as the cut points, we may use the following
Bernstein Monte Carlo type smoother to estimate the quantiles and then to predict the

group to which a student belongs.

Stepl. Collect a large sample of the monthly exam scores of the five main courses

taught in the junior high schools, the 1Q scores (standardized to between 0
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Figure 1: Boxplots of the five Scores for Boys and Girls.

~100), and the aptitude test scores (standardized to between 0 ~100) from the

students in a junior high school of Changhua County.

Step2. Calculate the weighted scores or the average scores of each students and cal-

culate the empirical quantiles from 0.05 to 0.95 by step size of 0.05, say
Qn(0.05),Qn(0.10),Qn(0.15),...,Qn(0.95).

Step3. Based on the estimated Qn(0.05), Qn(0.10), Qn(0.15),...,Qn(0.95), we use
the Bernstein Monte Carlo smoother to calculate the predicted Q(x) for each

x € [0,1].

In addition to the monthly test, IQ test (scaled to 0 ~100 points) and Aptitude

test scores, we consider two types of mixed scores:

Typel. Weighted score= 0.5 average monthly test score + 0.25(IQ test score + aptitude

test score).

Type2. Average score= (average monthly test score + IQ test score+ aptitude test

score) /3.

In this study, we recruit 99 boys and 95 girls as participants. In Figure 1, we sketch
the boxplots of the five scores for boys and girls respectively. The basic descriptive

statistics of the five scores are illustrated in Table 1.
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Figure 2: (a)Quantiles of the five scores for all students. (b)Bernstein Monte-Carlo
Smoothing of the quantiles of the five scores for all students.

The following discussion is to illustrate the difference between the empirical quan-
tile plots (Figure 2(a)-9(a), Table 2a-9a) and our proposed Bernstein Monte-Carlo
Smoothed (BMCS) quantile plots (Figure 2(b)-9(b), Table 2b-9b). We will consider
the quantiles (resp. the BMCS quantiles) of the five scores including the monthly test
scores, the IQ test score, the Aptitude test scores, the weighted scores, and the average
scores. In particular, analyzing the quantiles of the scores of the girls and the boys is
interesting, which enables us to have a wider scope of the learning abilities of the slight
difference of girls and boys in the junior high school.

First, in Figure 2(a) we can have a quick look at the corresponding quantiles of
the five scores of the pooled students. From the quantile plots in Figure 2(a), we
can roughly observe that both of the IQ scores and the monthly test scores are easily
distinguishable from the Aptitude test scores. This fact suggests that if we are only
concerned with the intellectual aspect, then we might only consider the IQ test scores
and the monthly test scores. On the other hand, the quantiles of the weighted scores
and the average scores are similar and might achieve the same conclusion. Table 2a is
the empirical quantiles of the five scores for the pooled sample.

In order to know if there are differences between the quantiles of the boys and

those of the girls, we sketch the quantile plot for boys in Figure 3(a) and the quantile
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Figure 3: (a)Quantiles of the five scores for boys. (b)Bernstein Monte-Carlo Smoothing
of the quantiles of the five scores for boys.
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Figure 4: (a)Quantiles of the five scores for girls. (b)Bernstein Monte-Carlo Smoothing
of the quantiles of the five scores for girls.

plot for girls in Figure 4(a). From Figure 3(a) and Figure 4(a), we can observe that
there is a slight but not clear difference between boys and girls through the empirical
quantile plots.

In order to know if there are differences between the quantiles of the boys and
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Figure 5: (a)Quantiles of the weighted monthly tests scores of the pooled students,
boys and girls. (b)Bernstein Monte-Carlo Smoothing of the quantiles of the weighted
monthly tests scores of the pooled students, boys and girls.

those of the girls, we sketch the quantile plot for boys in Figure 3(a) and the quantile
plot for girls in Figure 4(a). From Figure 3(a) and Figure 4(a), we can observe that
there is a slight but not clear difference between boys and girls through the empirical
quantile plots.

In Figure 5(a)-7(a), we compare the empirical quantiles of the weighted monthly
tests, the IQ tests, and the Aptitude tests scores of the boys with those of the girls.
In Figure 5(a), we can clearly distinguish the quantiles of the weighted monthly tests
scores of the boys from those of the girls; however, in Figure 6(a) and 7(a), it is not
easy to distinguish the 1Q scores quantiles and the Aptitude scores quantiles of the
boys from those of the girls. It is due to the roughness of the empirical quantile plots.

From Figure 8(a)-9(a), we can see the quantile plots of the weighted scores and the
average scores of the pooled students, the boys, and the girls are twisted. In addition,
we refer the readers to Tables 3a-9a which are the empirical quantiles used to plot
Figure 3(a)-9(a).

From Figures 2(b) to 9(b), we illustrate the smoothed quantile plots by the pro-
posed Bernstein Monte-Carlo Smoothing. In Figure 2(b), we may easily see the differ-
ences of the quantile plots of the five scores for the pooled students. From the smoothed

quantile plots, the quantile curves are much smoother and can tell more stories.
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Figure 6: (a)Quantiles of the IQ tests scores of the pooled students, boys and girls.
(b)Bernstein Monte-Carlo Smoothing of the quantiles of the IQ tests scores of the
pooled students, boys and girls.
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Figure 7: (a)Quantiles of the aptitude test scores of the pooled students, boys and girls.
(b)Bernstein Monte-Carlo Smoothing of the quantiles of the aptitude test scores of the
pooled students, boys and girls.
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Figure 8: (a)Quantiles of the weighted scores of the pooled students, boys and girls.
(b)Bernstein Monte-Carlo Smoothing of the quantiles of the weighted scores of the
pooled students, boys and girls.
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Figure 9: (a)Quantiles of the average scores of the pooled students, boys and girls.
(b)Bernstein Monte-Carlo Smoothing of the quantiles of the average scores of the pooled
students, boys and girls.

Figure 3(b) is the smoothed quantile plot of the five scores for the boys and Figure

4(b) is the smoothed one for the girls. In order to better compare the scores of the boys

with those of the girls, we sketch the smoothed quantile plots of the scores of the pooled

students, the boys and the girls in the same figure. It is interesting that, from Figure

5(b), the smoothed quantile plots of the weighted monthly tests scores for the pooled

students, boys and girls, show that the quantiles of the girls are a little higher than that
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of the boys. Note that the interesting phenomenon cannot be clearly illustrated by the
original empirical quantile plots. It is an apparent benefit of our proposed approach.
At the same quantile level, the junior high school girls have better performance than
the boys on the standing of the weighted monthly exam scores. This fact agrees with

the real educational environments.

From Figure 6(b), on the contrast, the smoothed quantile plots show that, at the
same IQ score quantile level, the boys have a slight better score than the girls. This
fact can’t be observed by the original empirical quantile plots. Figure 7(b) has the
same story for the Aptitude test scores as that depicted in Figure 6(b). At the same
level of quantile level, the boys got a slight higher score.

From Figure 5(b)-7(b), we can see that the boys perform a slight better in I1Q tests
and the Aptitude tests and the girl perform a slight better in the monthly exams. If
we will classify the students despite the gender difference, we may adopt the weighted
scores or the average scores suggested in this study. As noted in Figure 8b and 9b, we
observe that even if we use the smoothed quantiles of the weighted scores as well as

the average scores, the difference between the boys and the girls is not clear.

4. Concluding Remarks

Empirical quantile can itself serve as a good classifier of the levels of the I1Q scores,
the Aptitude Test scores, and the monthly examination scores, among the students.
While empirical quantile plots can help us distinguish the performance of different
groups in a sample, it can’t help us tell the difference among the groups when the
difference is not significant enough. The proposed Bernstein Monte-Carlo smoother
can simplify the computation of the original Bernstein approximation just as the Monte
Carlo method can help us approximate the integration of a complicated or unknown
function in a closed interval. From the smoothed quantile plots, we see that the boys
outperform a slight better in IQ tests and the Aptitude tests and the girl outperform a
slight better in the monthly exams. If we would like to classify the students despite the
gender difference, we may adopt the weighted scores or the average scores suggested in

this study.
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Table 2a: Quantiles of the five scores for all students.

Quantile  MonthTest  IQtest  AptitudeTest  WeightedScore  Average

1.0 19.0 44.3 1.0 22.1 22.3
2.5 21.1 45.5 1.0 24.9 25.6
5.0 26.5 51.0 4.7 28.5 28.8
7.5 34.1 52.3 5.0 32.4 30.8
10.0 37.2 56.9 7.0 38.2 36.6
12.5 40.0 59.1 9.0 39.6 38.5
15.0 42.2 59.1 12.0 40.4 40.2
17.5 44.6 60.4 14.0 42.9 414
20.0 46.7 61.7 14.0 44.6 44

22.5 48.9 62.4 14.0 46.7 44.4
25.0 49.8 63.1 18.0 47.7 46.2
27.5 52.1 64.4 18.0 48.3 46.8
30.0 55.2 65.8 21.0 50.3 48.7
32.5 57.0 65.8 21.0 51.7 49.3
35.0 58.6 67.1 25.0 53.3 50.8
37.5 61.4 67.1 25.0 55.4 52.8
40.0 63.4 68.5 25.0 57.4 54.9
42.5 65.2 68.5 30.0 57.8 55.3
45.0 67.4 68.5 30.0 59.8 56.8
47.5 69 69.8 34.0 60.9 57.7
50.0 69.9 69.8 34.0 62.6 59.1
52.5 71.2 71.1 39.0 64.0 59.8
55.0 72.5 71.1 39.0 64.5 61.5
57.5 75.0 72.5 39.0 65.3 61.8
60.0 76.6 72.5 45.0 66.3 62.9
62.5 77.3 73.8 45.0 66.8 63.5
65.0 78.3 73.8 50.0 68.7 65.3
67.5 78.7 73.8 50.0 69.0 66.4
70.0 79.6 74.0 55.0 70.0 67.7
72.5 80.2 75.2 55.0 71.2 69.1
75.0 81.1 75.2 61.0 72.8 70.5
77.5 82.7 76.5 66.0 74.4 72.4
80.0 84.7 76.5 66.0 76.3 74.4
82.5 85.7 77.9 66.0 77.3 75.5
85.0 87.0 78.1 75.0 79.8 77.8
87.5 88.2 79.2 79.0 81.0 79.9
90.0 89.3 80.5 81.3 82.1 81.7
92.5 90.4 80.5 82.0 83.5 83.1
95.0 92.5 82.7 91.0 86.1 84.6
97.5 93.1 83.9 93.6 88.8 86.9
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Table 2b: Bernstein Monte-Carlo Smoothing of the quantiles of the five scores for all
students.

BQuantile  MonthTest IQtest  AptitudeTest  WeightedScore  Average

2.0 19.1 44.4 1.0 22.2 224
2.5 21.5 47.1 2.2 24.3 24.7
5.0 25.7 49.7 3.7 27.5 27.6
7.5 30.4 52.1 5.4 31.2 30.8
10.0 34.6 54.4 7.4 34.6 34.0
12.5 38.0 96.5 9.3 37.5 36.7
15.0 40.8 58.2 11.1 39.8 38.9
17.5 43.3 59.7 12.7 41.8 40.8
20.0 45.5 60.9 14.2 43.6 42.5
22.5 47.6 62.0 15.7 45.3 44.0
25.0 49.6 62.9 17.2 46.9 45.4
27.5 51.7 63.9 18.6 48.4 46.8
30.0 53.9 64.7 20.1 50.0 48.1
32.5 56.0 65.5 21.7 51.5 49.4
35.0 58.1 66.3 23.3 53.0 50.8
37.5 60.2 67.0 25.1 54.5 52.1
40.0 62.2 67.6 26.9 56.0 53.5
42.5 64.1 68.2 28.8 57.5 54.8
45.0 65.9 68.8 30.7 58.9 56.0
47.5 67.7 69.4 32.6 60.2 57.2
50.0 69.3 70.0 34.7 61.5 58.4
52.5 70.9 70.6 36.7 62.8 59.5
55.0 72.4 71.3 38.8 63.9 60.6
57.5 73.8 71.8 40.9 65.0 61.6
60.0 75.1 72.4 43.2 66.0 62.7
62.5 76.3 73.0 45.4 67.0 63.8
65.0 77.5 73.5 47.8 68.0 65.0
67.5 78.5 74.0 50.3 69.1 66.2
70.0 79.5 74.5 53.0 70.2 67.5
72.5 80.4 75.0 95.9 71.4 68.8
75.0 81.5 75.6 58.9 2.7 70.3
77.5 82.7 76.2 62.1 74.1 71.9
80.0 83.9 76.9 65.4 75.6 73.6
82.5 85.2 77.6 68.7 77.2 75.4
85.0 86.4 78.3 72.1 78.7 77.2
87.5 87.7 79.2 75.9 80.3 79.1
90.0 88.9 80.2 79.8 81.8 80.9
92.5 90.2 81.3 83.8 83.5 82.7
95.0 91.6 82.7 88.2 85.5 84.5

97.5 93.0 84.9 92.6 88.0 86.7
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Table 3a: Quantiles of the five scores for boys.

Quantile  MonthTest  IQtest  AptitudeTest  WeightedScore  Average
1.0 19.0 44.3 1.0 22.1 22.3
2.5 21.1 45.6 1.0 24.8 25.5
5.0 22.8 51.0 3.0 27.0 28.2
7.5 28.9 52.3 5.0 29.1 29.0
10.0 36.5 57.0 7.0 36.8 36.2
12.5 37.0 59.1 8.6 38.3 37.2
15.0 38.4 60.0 12.0 40.1 40.2
17.5 40.4 61.7 14.0 41.6 41.2
20.0 45.0 63.1 16.5 43.3 43.8
22.5 45.8 63.1 18.0 46.0 44.4
25.0 46.8 64.4 18.0 47.3 46.5
27.5 49.1 64.4 19.4 48.5 47.5
30.0 54.1 65.8 21.0 50.8 49.3
32.5 56.1 67.1 21.0 51.9 49.9
35.0 57.6 67.1 25.0 54.0 52.2
37.5 59.4 67.1 25.0 56.0 54.1
40.0 62.5 68.5 30.0 57.6 55.1
42.5 63.7 69.8 30.0 57.8 55.4
45.0 65.3 69.8 34.0 59.4 56.8
47.5 65.8 69.9 34.0 60.1 56.9
50.0 69.6 711 34.1 62.0 58.8
52.5 69.8 72.5 39.0 62.6 60.0
55.0 71.9 73.7 39.0 64.3 60.9
57.5 72.5 73.8 44.3 64.6 61.7
60.0 76.3 73.8 45.0 65.5 62.6
62.5 77.0 73.8 45.0 66.3 63.1
65.0 77.4 73.8 50.0 68.5 65.6
67.5 77.9 74.8 50.0 68.7 66.7
70.0 78.4 75.2 53.1 70.1 67.2
72.5 78.7 76.5 58.5 70.9 67.7
75.0 79.9 76.5 66.0 72.1 70.3
77.5 80.3 76.5 66.0 72.5 72.6
80.0 82.3 77.9 66.0 75.0 74.4
82.5 83.0 77.9 67.5 76.5 75.3
85.0 87.0 79.2 76.3 78.5 77.0
87.5 88.0 80.5 79.0 80.0 79.8
90.0 88.3 80.5 82.0 82.3 82.1
92.5 89.4 81.9 86.0 85.0 83.7
95.0 92.1 83.9 91.2 87.1 85.8
97.5 93.1 84.4 95.0 90.8 90.1
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Table 3b: Bernstein Monte-Carlo Smoothing of the quantiles of the five scores for
boys.

BQuantile  MonthTest IQtest  AptitudeTest  WeightedScore  Average

2.0 19.1 44.4 1.0 22.2 224
2.5 20.8 47.1 1.8 24.0 24.5
5.0 23.9 49.7 3.0 26.6 27.1
7.5 27.9 52.2 4.7 29.8 30.1
10.0 31.8 54.6 6.7 33.2 33.2
12.5 35.2 56.9 8.8 36.3 36.0
15.0 37.9 58.8 10.8 38.8 38.4
17.5 40.3 60.5 12.8 41.0 40.5
20.0 42.6 61.7 14.7 42.9 42.3
22.5 44.9 62.8 16.3 44.8 44.0
25.0 47.2 63.7 17.8 46.5 45.6
27.5 49.5 64.6 19.3 48.2 47.1
30.0 51.9 65.3 20.8 49.9 48.6
32.5 54.3 66.1 22.3 51.5 50.0
35.0 56.6 66.8 24.0 53.1 51.4
37.5 58.8 67.5 25.7 04.7 52.7
40.0 60.9 68.2 27.6 56.1 54.0
42.5 62.8 69.0 29.6 o7.4 55.1
45.0 64.7 69.7 31.6 58.7 56.2
47.5 66.4 70.4 33.7 59.9 57.2
50.0 68.1 71.1 35.7 61.1 58.2
52.5 69.8 71.8 37.8 62.2 59.2
55.0 71.3 72.5 39.8 63.3 60.2
57.5 72.8 73.0 41.9 64.4 61.3
60.0 74.2 73.5 44.0 65.4 62.4
62.5 75.4 73.9 46.2 66.5 63.5
65.0 76.5 74.4 48.5 67.5 64.6
67.5 77.4 74.8 01.2 68.6 65.9
70.0 78.3 75.3 04.1 69.6 67.2
72.5 79.1 75.8 57.3 70.8 68.6
75.0 80.0 76.4 60.5 71.9 70.1
77.5 81.0 76.9 63.8 73.2 717
80.0 82.2 77.6 67.0 74.6 73.4
82.5 83.6 78.2 70.2 76.2 75.2
85.0 85.2 78.9 73.6 78.0 77.1
87.5 86.8 79.8 77.0 79.9 79.0
90.0 88.3 80.7 80.6 81.9 81.1
92.5 89.7 81.8 84.5 84.1 83.2
95.0 91.2 83.4 88.7 86.6 85.8

97.5 92.8 86.2 93.2 89.5 88.9
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Table 4a: Quantiles of the five scores for girls.

Quantile  MonthTest  IQtest  AptitudeTest  WeightedScore  Average
1.0 21.1 44.3 1.0 24.2 25.2
2.5 22.6 46.8 3.8 25.0 25.7
5.0 33.7 50.7 5.0 30.8 30.0
7.5 39.4 53.2 6.3 35.1 34.2
10.0 41.7 57.0 9.0 39.7 38.4
12.5 43.2 58.2 10.0 39.9 39.0
15.0 46.8 59.3 12.0 42.6 40.4
17.5 48.9 60.4 14.0 43.5 42.3
20.0 49.0 60.4 14.0 45.9 44.1
22.5 49.8 61.4 14.0 46.8 44.9
25.0 52.4 62.5 16.2 47.8 45.8
27.5 53.0 63.1 18.0 48.1 46.4
30.0 57.3 64.8 21.0 50.6 48.2
32.5 58.5 65.8 21.0 51.5 48.8
35.0 61.2 67.0 25.0 52.7 49.7
37.5 62.2 67.1 25.0 55.1 51.0
40.0 65.4 68.0 25.0 56.7 54.1
42.5 67.4 68.5 27.7 57.9 55 .0
45.0 68.3 68.5 30.0 60.6 56.4
47.5 69.5 68.5 30.0 61.5 58.3
50.0 71.2 69.8 34.0 63.9 59.1
52.5 71.3 69.8 38.7 64.1 59.6
55.0 74.3 70.8 39.0 65.2 61.7
57.5 75.7 71.1 39.0 65.9 62.4
60.0 77.5 711 41.8 66.6 63.2
62.5 78.5 72.5 45.0 67.3 64.3
65.0 79.4 72.5 50.0 68.8 64.8
67.5 80.0 72.6 50.0 69.0 65.4
70.0 81.1 73.8 55.0 69.6 68.9
72.5 82.1 73.8 55.0 72.0 69.2
75.0 83.9 75.2 58.4 74.3 70.5
77.5 84.6 75.2 61.0 75.1 71.9
80.0 85.6 75.2 66.0 76.4 73.8
82.5 85.8 76.5 66.0 79.4 75.4
85.0 86.9 77.9 69.8 80.6 77.9
87.5 88.5 79.0 74.2 81.1 79.9
90.0 90.1 79.2 79.0 81.7 81.5
92.5 90.4 80.5 82.0 82.1 82.6
95.0 92.5 81.9 89.1 84.5 83.4
97.5 93.0 83.9 93.0 86.9 85.6




A NOVEL APPROACH OF THE CLASSIFICATION BY THE BERNSTEIN
MONTE-CARLO SMOOTHED QUANTILES 93

Table 4b: Bernstein Monte-Carlo Smoothing of the quantiles of the five scores for
girls.

BQuantile  MonthTest IQtest  AptitudeTest  WeightedScore  Average

2.0 21.2 44.4 1.1 24.3 25.3
2.5 24.1 47.1 2.7 26.9 27.3
5.0 29.5 49.8 4.4 30.2 30.0
7.5 34.7 52.5 6.1 33.6 32.9
10.0 39.0 54.8 7.9 36.7 35.6
12.5 42.2 56.8 9.6 39.2 37.9
15.0 44.7 58.3 11.1 41.2 39.7
17.5 46.8 59.4 12.5 43.0 414
20.0 48.6 60.4 13.7 44.6 42.8
22.5 50.2 61.3 14.9 46.0 44.1
25.0 51.9 62.3 16.3 474 45.3
27.5 53.7 63.2 17.7 48.7 46.4
30.0 55.7 64.2 19.3 50.1 47.6
32.5 97.7 65.0 20.9 o1.5 48.8
35.0 59.7 65.9 22.5 52.9 50.1
37.5 61.7 66.6 24.1 54.4 51.4
40.0 63.7 67.2 25.8 56.0 52.8
42.5 65.5 67.8 27.4 57.6 54.3
45.0 67.2 68.3 29.2 59.2 55.7
47.5 68.9 68.8 31.0 60.6 57.1
50.0 70.4 69.3 33.0 62.0 58.4
52.5 72.0 69.7 35.1 63.3 59.6
55.0 73.4 70.3 37.3 64.4 60.8
57.5 74.8 70.8 39.7 65.5 61.9
60.0 76.2 71.3 42.1 66.4 62.9
62.5 77.5 71.8 44.6 67.4 64.0
65.0 78.7 72.3 47.3 68.4 65.1
67.5 79.8 72.9 49.9 69.4 66.3
70.0 80.9 73.4 02.6 70.6 67.6
72.5 82.0 73.9 95.3 71.9 69.0
75.0 83.0 74.5 58.0 73.3 70.4
77.5 84.1 75.1 60.8 74.8 72.0
80.0 85.1 75.7 63.7 76.3 73.7
82.5 86.0 76.5 66.7 77.8 75.5
85.0 87.0 77.3 70.0 79.2 77.2
87.5 88.1 78.3 73.6 80.5 79.0
90.0 89.3 79.3 77.5 81.6 80.6
92.5 90.4 80.4 81.7 82.8 82.1
95.0 91.6 81.6 86.2 84.2 83.5

97.5 92.8 83.3 91.3 86.3 85.2
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Table 5a: Quantiles of the weighted monthly tests scores of the pooled students,
boys and girls.

Quantile AllStudents Boys Girls
1.0 22.4 22.4 25.3
2.5 24.8 24.6 27.4
5.0 27.8 27.3 30.1
7.5 31.0 30.3 33.0
10.0 34.1 33.3 35.7
12.5 36.8 36.1 37.9
15.0 39.0 38.5 39.8
17.5 40.9 40.6 414
20.0 42.6 42.4 42.9
22.5 441 441 44.1
25.0 45.5 45.6 45.3
27.5 46.8 47.2 46.5
30.0 48.1 48.6 47.6
32.5 49.5 50.1 48.8
35.0 50.9 51.5 50.1
37.5 52.2 52.8 51.5
40.0 53.5 54.0 52.9
42.5 54.8 95.1 54.4
45.0 56.1 56.2 55.8
47.5 57.3 57.2 57.1
50.0 58.4 58.2 58.4
52.5 59.5 59.3 59.7
55.0 60.6 60.3 60.8
57.5 61.7 61.3 61.9
60.0 62.8 62.4 63.0
62.5 63.9 63.5 64.1
65.0 65.0 64.7 65.2
67.5 66.2 65.9 66.4
70.0 67.5 67.2 67.7
72.5 68.9 68.6 69.0
75.0 70.4 70.2 70.5
77.5 72.0 71.8 72.1
80.0 73.7 73.5 73.8
82.5 75.5 75.3 75.5
85.0 77.3 77.1 77.3
87.5 79.2 79.1 79.1
90.0 81.0 81.1 80.7
92.5 82.7 83.3 82.1
95.0 84.6 85.9 83.6

97.5 86.8 89.0 85.3
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Table 5b: Bernstein Monte-Carlo Smoothing of the quantiles of the weighted

monthly tests scores of the pooled students, boys and girls.

BernsteinQuantile AllStudents Boys Girls
2.0 19.1 19.1 21.1
2.5 21.5 20.8 24.1
5.0 25.7 23.9 29.5
7.5 30.4 27.9 34.8
10.0 34.6 31.8 39.0
12.5 38.0 35.1 42.2
15.0 40.8 37.9 44.7
17.5 43.3 40.3 46.8
20.0 45.5 42.6 48.5
22.5 47.6 44.9 50.2
25.0 49.6 47.2 51.9
27.5 51.8 49.5 53.8
30.0 53.9 51.9 55.7
32.5 56.0 54.3 57.7
35.0 58.1 56.5 59.7
37.5 60.2 58.8 61.7
40.0 62.2 60.8 63.6
42.5 64.1 62.8 65.5
45.0 65.9 64.7 67.2
47.5 67.7 66.4 68.9
50.0 69.3 68.1 70.4
52.5 70.9 69.8 71.9
55.0 724 71.3 73.4
57.5 73.8 72.8 74.9
60.0 75.1 74.2 76.2
62.5 76.4 75.4 77.5
65.0 77.5 76.5 78.7
67.5 78.5 77.4 79.8
70.0 79.5 78.3 80.9
72.5 80.4 79.1 82.0
75.0 81.5 80.0 83.0
77.5 82.7 81.0 84.1
80.0 83.9 82.2 85.1
82.5 85.2 83.7 86.0
85.0 86.5 85.2 87.1
87.5 87.7 86.8 88.1
90.0 88.9 88.3 89.3
92.5 90.2 89.7 90.4
95.0 91.6 91.2 91.6
97.5 93.0 92.8 92.8
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Table 6a: Quantiles of the IQ tests scores of the pooled students, boys and girls.

Quantile AllStudents Boys Girls
1.0 22.4 22.4 25.3
2.5 24.8 24.6 27.4
5.0 27.8 27.3 30.1
7.5 31.0 30.3 33.0
10.0 34.1 33.3 35.7
12.5 36.8 36.1 37.9
15.0 39.0 38.5 39.8
17.5 40.9 40.6 41.4
20.0 42.6 42.4 42.9
22.5 44.1 44.1 44.1
25.0 45.5 45.6 45.3
27.5 46.8 47.2 46.5
30.0 48.1 48.6 47.6
32.5 49.5 50.1 48.8
35.0 50.9 51.5 50.1
37.5 52.2 52.8 51.5
40.0 53.5 54.0 52.9
42.5 54.8 55.1 54.4
45.0 56.1 56.2 55.8
47.5 57.3 57.2 57.1
50.0 58.4 58.2 58.4
52.5 59.5 59.3 59.7
55.0 60.6 60.3 60.8
57.5 61.7 61.3 61.9
60.0 62.8 62.4 63.0
62.5 63.9 63.5 64.1
65.0 65.0 64.7 65.2
67.5 66.2 65.9 66.4
70.0 67.5 67.2 67.7
72.5 68.9 68.6 69.0
75.0 70.4 70.2 70.5
77.5 72.0 71.8 72.1
80.0 73.7 73.5 73.8
82.5 75.5 75.3 75.5
85.0 77.3 77.1 77.3
87.5 79.2 79.1 79.1
90.0 81.0 81.1 80.7
92.5 82.7 83.3 82.1
95.0 84.6 85.9 83.6
97.5 86.8 89.0 85.3
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Table 6b: Bernstein Monte-Carlo Smoothing of the quantiles of the 1Q test scores

of the pooled students, boys and girls.

BernsteinQuantile AllStudents Boys Girls
2.0 44.4 44.4 44.4
2.5 47.1 47.1 47.1
5.0 49.7 49.7 49.8
7.5 52.1 52.2 52.5
10.0 54.4 54.6 54.8
12.5 56.5 56.9 56.8
15.0 58.3 58.9 58.3
17.5 59.7 60.5 59.4
20.0 60.9 61.8 60.4
22.5 62.0 62.8 61.3
25.0 62.9 63.7 62.2
27.5 63.9 64.6 63.2
30.0 64.7 65.3 64.1
32.5 65.5 66.1 65.1
35.0 66.3 66.8 65.9
37.5 67.0 67.5 66.6
40.0 67.6 68.2 67.2
42.5 68.2 69.0 67.8
45.0 68.8 69.7 68.3
47.5 69.4 70.4 68.8
50.0 70.0 71.1 69.3
52.5 70.6 71.8 69.7
55.0 71.2 72.5 70.2
57.5 71.8 73.0 70.8
60.0 72.4 73.5 71.3
62.5 73.0 73.9 71.8
65.0 73.5 74.4 72.3
67.5 74.0 74.8 72.9
70.0 74.5 75.3 73.4
72.5 75.0 75.8 73.9
75.0 75.6 76.4 74.5
77.5 76.2 77.0 75.1
80.0 76.8 77.6 75.7
82.5 77.6 78.2 76.5
85.0 78.3 78.9 77.3
87.5 79.2 79.8 78.3
90.0 80.2 80.7 79.3
92.5 81.3 81.8 80.4
95.0 82.7 83.4 81.6
97.5 84.9 86.1 83.3
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Table 7a: Quantiles of the aptitude test scores of the pooled students, boys and

girls.

Quantile AllStudents Boys Girls
1.0 22.4 22.4 25.3
2.5 24.8 24.6 27.4
5.0 27.8 27.3 30.1
7.5 31.0 30.3 33.0
10.0 34.1 33.3 35.7
12.5 36.8 36.1 37.9
15.0 39.0 38.5 39.8
17.5 40.9 40.6 414
20.0 42.6 42.4 42.9
22.5 441 441 441
25.0 45.5 45.6 45.3
27.5 46.8 47.2 46.5
30.0 48.1 48.6 47.6
32.5 49.5 50.1 48.8
35.0 50.9 51.5 50.1
37.5 52.2 52.8 51.5
40.0 53.5 54.0 52.9
42.5 54.8 95.1 54.4
45.0 56.1 56.2 55.8
47.5 57.3 57.2 57.1
50.0 58.4 58.2 58.4
52.5 59.5 59.3 59.7
55.0 60.6 60.3 60.8
57.5 61.7 61.3 61.9
60.0 62.8 62.4 63
62.5 63.9 63.5 64.1
65.0 65.0 64.7 65.2
67.5 66.2 65.9 66.4
70.0 67.5 67.2 67.7
72.5 68.9 68.6 69.0
75.0 70.4 70.2 70.5
77.5 72.0 71.8 72.1
80.0 73.7 73.5 73.8
82.5 75.5 75.3 75.5
85.0 77.3 77.1 77.3
87.5 79.2 79.1 79.1
90.0 81.0 81.1 80.7
92.5 82.7 83.3 82.1
95.0 84.6 85.9 83.6

97.5 86.8 89.0 85.3
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Table 7b: Bernstein Monte-Carlo Smoothing of the quantiles of the aptitude test
scores of the pooled students, boys and girls.

BernsteinQuantile AllStudents Boys Girls
2.0 1.0 1.0 1.1
2.5 2.3 1.7 2.7
5.0 3.7 3.0 4.4
7.5 5.4 4.7 6.1
10.0 7.3 6.7 7.9
12.5 9.3 8.7 9.6
15.0 11.1 10.8 11.1
17.5 12.7 12.8 12.5
20.0 14.2 14.7 13.7
22.5 15.7 16.3 14.9
25.0 17.2 17.8 16.2
27.5 18.6 19.3 17.7
30.0 20.1 20.8 19.3
32.5 21.7 22.3 20.9
35.0 23.3 23.9 22.5
37.5 25.1 25.7 24.1
40.0 26.9 27.6 25.8
42.5 28.7 29.6 27.4
45.0 30.7 31.6 29.1
47.5 32.6 33.6 31.0
50.0 34.6 35.7 33.0
52.5 36.7 37.8 35.1
55.0 38.8 39.9 37.3
57.5 40.9 41.9 39.7
60.0 43.1 44.0 42.1
62.5 45.4 46.2 44.6
65.0 47.8 48.6 47.3
67.5 50.3 51.1 49.9
70.0 53.0 54.1 52.6
72.5 55.8 57.2 55.3
75.0 58.9 60.5 58.0
77.5 62.1 63.8 60.8
80.0 65.4 67.0 63.7
82.5 68.7 70.2 66.7
85.0 72.3 73.5 70.0
87.5 76.0 77.0 73.6
90.0 79.8 80.6 77.5
92.5 83.9 84.5 81.7
95.0 88.2 88.7 86.3

97.5 92.7 93.3 914
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Table 8a: Quantiles of the weighted scores of the pooled students, boys and girls.

Quantile AllStudents Boys Girls
1.0 22.4 22.4 25.3
2.5 24.8 24.6 27.4
5.0 27.8 27.3 30.1
7.5 31.0 30.3 33.0
10.0 34.1 33.3 35.7
12.5 36.8 36.1 37.9
15.0 39.0 38.5 39.8
17.5 40.9 40.6 41.4
20.0 42.6 42.4 42.9
22.5 44.1 44.1 44.1
25.0 45.5 45.6 45.3
27.5 46.8 47.2 46.5
30.0 48.1 48.6 47.6
32.5 49.5 50.1 48.8
35.0 50.9 51.5 50.1
37.5 52.2 52.8 51.5
40.0 53.5 54.0 52.9
42.5 54.8 55.1 54.4
45.0 56.1 56.2 55.8
47.5 57.3 57.2 57.1
50.0 58.4 58.2 58.4
52.5 59.5 59.3 59.7
55.0 60.6 60.3 60.8
57.5 61.7 61.3 61.9
60.0 62.8 62.4 63.0
62.5 63.9 63.5 64.1
65.0 65.0 64.7 65.2
67.5 66.2 65.9 66.4
70.0 67.5 67.2 67.7
72.5 68.9 68.6 69.0
75.0 70.4 70.2 70.5
77.5 72.0 71.8 72.1
80.0 73.7 73.5 73.8
82.5 75.5 75.3 75.5
85.0 77.3 77.1 77.3
87.5 79.2 79.1 79.1
90.0 81.0 81.1 80.7
92.5 82.7 83.3 82.1
95.0 84.6 85.9 83.6

97.5 86.8 89.0 85.3
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Table 8b: Bernstein Monte-Carlo Smoothing of the quantiles of the weighted scores

of the pooled students, boys and girls.

BernsteinQuantile AllStudents Boys Girls
2.0 22.2 22.2 24.3
2.5 24.3 24.0 26.9
5.0 27.5 26.6 30.2
7.5 31.2 29.9 33.6
10.0 34.6 33.2 36.7
12.5 37.5 36.3 39.2
15.0 39.8 38.8 41.2
17.5 41.8 41.0 43.0
20.0 43.6 42.9 44.6
22.5 45.3 44.8 46.0
25.0 46.9 46.5 47.4
27.5 48.4 48.2 48.7
30.0 50.0 49.9 50.1
32.5 51.5 51.5 51.5
35.0 53.0 53.1 52.9
37.5 54.5 54.7 54.4
40.0 56.0 56.1 56.0
42.5 57.5 57.5 57.6
45.0 58.9 58.7 59.2
47.5 60.3 60.0 60.6
50.0 61.5 61.1 62.0
52.5 62.8 62.2 63.3
55.0 63.9 63.3 64.4
57.5 65.0 64.4 65.4
60.0 66.0 65.5 66.4
62.5 67.0 66.5 67.4
65.0 68.0 67.5 68.4
67.5 69.1 68.6 69.4
70.0 70.2 69.7 70.6
72.5 71.4 70.8 71.9
75.0 72.7 71.9 73.3
77.5 74.1 73.2 74.8
80.0 75.6 4.7 76.3
82.5 77.1 76.2 77.8
85.0 78.7 78.0 79.2
87.5 80.3 79.9 80.5
90.0 81.9 81.9 81.6
92.5 83.5 84.1 82.8
95.0 85.5 86.6 84.2
97.5 88.0 89.5 86.3




102 T.-L. CHENG AND T.-C. YANG

Table 9a: Quantiles of the average scores of the pooled students, boys and girls.

Quantile AllStudents Boys Girls
1.0 22.4 22.4 25.3
2.5 24.8 24.6 27.4
5.0 27.8 27.3 30.1
7.5 31.0 30.3 33.0
10.0 34.1 33.3 35.7
12.5 36.8 36.1 37.9
15.0 39.0 38.5 39.8
17.5 40.9 40.6 41.4
20.0 42.6 42.4 42.9
22.5 44.1 44.1 44.1
25.0 45.5 45.6 45.3
27.5 46.8 47.2 46.5
30.0 48.1 48.6 47.6
32.5 49.5 50.1 48.8
35.0 50.9 51.5 50.1
37.5 52.2 52.8 51.5
40.0 53.5 54.0 52.9
42.5 54.8 55.1 54.4
45.0 56.1 56.2 55.8
47.5 57.3 57.2 57.1
50.0 58.4 58.2 58.4
52.5 59.5 59.3 59.7
55.0 60.6 60.3 60.8
57.5 61.7 61.3 61.9
60.0 62.8 62.4 63.0
62.5 63.9 63.5 64.1
65.0 65.0 64.7 65.2
67.5 66.2 65.9 66.4
70.0 67.5 67.2 67.7
72.5 68.9 68.6 69.0
75.0 70.4 70.2 70.5
77.5 72.0 71.8 72.1
80.0 73.7 73.5 73.8
82.5 75.5 75.3 75.5
85.0 77.3 77.1 77.3
87.5 79.2 79.1 79.1
90.0 81.0 81.1 80.7
92.5 82.7 83.3 82.1
95.0 84.6 85.9 83.6

97.5 86.8 89.0 85.3
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Table 9b: Bernstein Monte-Carlo Smoothing of the quantiles of the average scores

of the pooled students, boys and girls.

BernsteinQuantile AllStudents Boys Girls
2.0 22.4 22.4 25.3
2.5 24.7 24.5 27.3
5.0 27.6 27.1 30.0
7.5 30.9 30.1 32.9
10.0 34.0 33.2 35.6
12.5 36.7 36.0 37.8
15.0 38.9 38.4 39.7
17.5 40.8 40.5 41.4
20.0 42.5 42.3 42.8
22.5 44.0 44.0 44.1
25.0 45.4 45.6 45.3
27.5 46.8 471 46.4
30.0 48.1 48.6 47.6
32.5 49.4 50.0 48.8
35.0 50.8 51.4 50.1
37.5 52.1 52.7 51.5
40.0 53.5 54.0 52.8
42.5 54.8 55.1 54.3
45.0 56.0 56.2 55.7
47.5 57.2 57.2 57.1
50.0 58.4 58.2 58.4
52.5 59.5 59.2 59.6
55.0 60.6 60.2 60.8
57.5 61.6 61.3 61.9
60.0 62.7 62.3 62.9
62.5 63.8 63.5 64.0
65.0 65.0 64.6 65.1
67.5 66.2 65.9 66.3
70.0 67.5 67.2 67.6
72.5 68.8 68.6 69.0
75.0 70.3 70.1 70.5
77.5 71.9 1.7 72.0
80.0 73.6 73.4 73.7
82.5 75.4 75.2 75.4
85.0 77.2 77.0 77.3
87.5 79.1 79.0 79.0
90.0 80.9 81.1 80.6
92.5 82.7 83.2 82.1
95.0 84.5 85.8 83.5
97.5 86.7 88.9 85.2
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